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1. Introduction

Fluxes of antisymmetric fields in string compactifications have been studied intensively in

the last few years [1]. One of the most interesting aspects of the presence of these fluxes

is that they may generate superpotential couplings for the compactification moduli [2].

These superpotentials, perhaps supplemented by other dynamical effects like gaugino con-

densation, may lead to a full determination of all moduli, solving an outstanding problem

in string theory.
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Type IIA orientifolds with fluxes were rather neglected in the past but are starting

to receive more attention [3 – 10]. In IIA compactifications it is possible to switch on

backgrounds of even RR and odd NS forms. This in turn implies the important result that

IIA flux-induced superpotentials depend on all geometrical moduli as well as on the dilaton.

In particular, it has been shown that in simple toroidal orientifolds one can stabilize all

closed string moduli in AdS space without considering extra non-perturbative (e.g. gaugino

condensation) effects [5, 7, 8]. Moreover, in type IIA it is natural to incorporate metric

fluxes [5, 6] that correspond to generalized Scherk-Schwarz reductions [11 – 15]. In presence

of metric backgrounds, the flux contribution to RR tadpoles can have either sign or even

vanish, opening interesting possibilities for model-building [8].

A logical question is whether type IIB flux-induced superpotentials can also depend

on all moduli. In fact, it has been recently shown [16] that in order to recover T-duality

invariance between the type IIA and type IIB versions of the same compactification in

the presence of RR, NS and metric backgrounds, new ‘non-geometric’ fluxes have to be

introduced. Once this is done the superpotentials on the type IIA and type IIB sides

adequately match. Such non-geometric fluxes had already been, and continue to be, studied

by several authors [17 – 24, 15, 25 – 27]. In this paper we generalize the work of [16] to

orientifolds with several diagonal geometrical moduli. We will give explicit expressions for

the superpotential and tadpoles in terms of integrals involving the flux tensors.

As pointed out in [16], there is still a puzzle. We know that the type IIB theory has

an S-duality symmetry built in. This symmetry is inherited by the effective potential of

type IIB orientifold compactifications in the presence of standard RR and NS backgrounds.

However the symmetry disappears if we introduce the new non-geometric fluxes. In the

present paper we argue that in order to recover S-duality in the underlying orientifold

theory one has to introduce an extra set of ‘S-dual’ fluxes. These S-dual fluxes give rise

to new terms in the effective superpotential and do also contribute to RR tadpoles and

Bianchi conditions. In order to study the structure of tadpoles and Bianchi identities we

make use of SL(2, Z)S transformations. Whereas the ‘3-brane’ RR tadpole is S-duality

invariant, ‘7-brane’ tadpoles come in a SL(2, Z)S triplet and couple to a triplet of 8-forms

in agreement with results in [28 – 31]. On the other hand, S-duality transformations on

Bianchi identities give rise to new constraints. The extra flux degrees of freedom still

respect T-duality among type IIA and type IIB so that the effective action is both S-

duality and T-duality invariant. We describe all these fluxes in the context of a simple

T6/(Ω(−1)FLI6) type IIB orientifold (T6/(Ω(−1)FLI3) in type IIA) and concentrate on the

dynamics of the seven diagonal moduli. The additional S-dual terms in the superpotential

allow us to obtain new classes of N=1 Minkowski vacua in which not only dilaton and

complex moduli but also Kähler moduli are fixed. As it happened in the AdS type IIA

vacua in ref. [8], the contribution of fluxes to RR tadpoles may have the same or opposite

sign to that of D-branes.

We also argue that comparison with related compactifications leading to similar models

(based on M-theory compactified on X7 = T7/Z2 × Z2 × Z2 and heterotic on twisted tori)

points at the existence of further flux degrees of freedom beyond those mentioned above.

In particular, the combination of type I-heterotic duality with heterotic self T-duality
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suggests that the full underlying duality symmetry in these toroidal examples includes

SL(2, Z)7 = SL(2, Z)S×SL(2, Z)3U ×SL(2, Z)3T . Full duality invariance requires the presence

of up to 27 fluxes.

The structure of this paper is as follows. In the next section we define the geome-

try of our orientifold examples and describe the fluxes, superpotential, RR tadpoles and

Bianchi conditions for both the type IIA and its T-dual type IIB version. In section 3

we generalize the setting and describe in detail how T-duality requires the introduction of

non-geometric fluxes and give explicit formulae for the superpotential in this generalized

case. The modifications of RR tadpole conditions as well as Bianchi identities are discussed

for the three T-dual settings of type IIB with O3-planes, type IIA with O6-planes, and

type IIB with O9-planes. We also briefly describe some general properties of minima of the

scalar potential induced by fluxes. In section 4 we describe how the S-duality underlying

type IIB theory requires the introduction of novel ‘S-dual’ flux degrees of freedom giving

rise to new terms in the superpotential. In order to study the structure of tadpoles and

Bianchi identities we make use of SL(2, Z)S transformations and provide particular solu-

tions of the constraints. We report on section 5 on a search for N=1 Minkowski minima

of the flux-induced scalar potential showing several examples. In section 6 we compare

the type II results with those coming from compactifying M-theory and heterotic strings

on twisted tori. We also discuss the generalization to SL(2, Z)7 invariant superpotentials

in which fluxes fill an spinorial representation as described in the appendix. Some final

comments are left for section 7.

2. Orientifolds with NS, RR and geometric fluxes

Before addressing the issue of non-geometric fluxes as well as the new fluxes implied by

S-duality, we review in this section the basic features of the toroidal orientifolds under

consideration. We start by describing the moduli and fluxes of a type IIA orientifold on

T6/[ΩP (−1)FLσA]. In this case the orientifold symmetry allows to include metric fluxes.

We then move to the T-dual IIB orientifold on T6/[ΩP (−1)FLσB]. For both cases we

give the expressions for the flux-induced moduli superpotential as well as Bianchi and RR

tadpole cancellation conditions.

2.1 Notation

Let us first fix our notation for the geometric moduli on the tori. We focus on compact-

ifications on a factorized torus T6 = ⊗3
i=1T

2
i . As basis of closed 3-forms with one leg on

each sub-torus we take

α0 = dx1 ∧ dx2 ∧ dx3 ; β0 = dy1 ∧ dy2 ∧ dy3 ,

α1 = dx1 ∧ dy2 ∧ dy3 ; β1 = dy1 ∧ dx2 ∧ dx3 , (2.1)

α2 = dy1 ∧ dx2 ∧ dy3 ; β2 = dx1 ∧ dy2 ∧ dx3 ,

α3 = dy1 ∧ dy2 ∧ dx3 ; β3 = dx1 ∧ dx2 ∧ dy3 ,
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where yi = xi+3. Our normalization is
∫
T6 αI ∧ βJ = δIJ . The closed 2-forms and their

dual 4-forms are

ωi = −dxi ∧ dyi ; ω̃i = dxj ∧ dyj ∧ dxk ∧ dyk; i 6= j 6= k . (2.2)

Notice that
∫
T6 ωi ∧ ω̃j = δij . Each sub-torus T2

j has area (2π)2Aj and the geometric

complex structure parameters are given by

τj =
1

e2
jx

(Aj + i ejx · ejy) (2.3)

where ejx and ejy are the lattice vectors of sizes Rj
x and Rj

y. The Kähler form is

J =

3∑

i=1

Aiωi . (2.4)

As usual the holomorphic 3-form can be written as

Ω = (dx1 + iτ1 dy1) ∧ (dx2 + iτ2 dy2) ∧ (dx3 + iτ3 dy3) . (2.5)

Clearly, Ω can be expanded in the basis of 3-forms.

2.2 IIA orientifold with O6-planes

Consider the IIA orientifold on T6/[ΩP (−1)FLσA], where ΩP is the world-sheet parity

operator and (−1)FL is the space-time fermionic number for left-movers. The involution

σA acts on the Kähler form and the holomorphic 3-form as σA(J) = −J and σA(Ω) = Ω∗.

In terms of the coordinates this is σA(xi) = xi and σA(yi) = −yi. These imply O6-planes

that span space-time and the xi directions. Each sub-torus has now a square lattice,

consistent with the involution. Thus, τj = Rj
y/R

j
x and Aj = Rj

xRj
y.

We concentrate our analysis on the seven diagonal moduli of this IIA orientifold, the

dilaton S, three Kähler moduli Ti and three complex structure moduli Ui. As shown in [4]

they can be concisely described in terms of the complexified forms

Jc = B + iJ = i

3∑

i=1

Tiωi ,

Ωc = C3 + iRe (CΩ) = iSα0 − i

3∑

i=1

Uiαi . (2.6)

Here B is the NS 2-form whereas C3 is the RR 3-form that is even under σA and can

therefore be expanded in the αJ . The compensator field C is specified by

C = e−φ4eKcs/2 ; Kcs = − log

[
− i

8

∫

T6

Ω ∧ Ω∗

]
, (2.7)

where φ4 is the T-duality invariant four-dimensional dilaton given by eφ4 = eφ/
√

vol T6.

Clearly, Re Tj = Rj
xRj

y and from Ωc we readily find

Re S = e−φR1
yR

2
yR

3
y ; ReUi = e−φRi

xRj
yR

k
y ; i 6= j 6= k . (2.8)

We are measuring all lengths in units of
√

α′.
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The Kähler potential for the moduli takes the usual form

K = − log(S + S∗) −
3∑

i=1

log(Ui + U∗
i ) −

3∑

i=1

log(Ti + T ∗
i ) . (2.9)

A superpotential is generated by turning on fluxes as we discuss next.

Under the orientifold involution the NS H3 is odd, the RR forms F0 and F4 are even

while F2 and F6 are odd. Thus the general fluxes allowed are

H3 =
3∑

L=0

hLβL ; (2.10)

F 0 = −m ; F 2 =

3∑

i=1

qiωi ; F 4 =

3∑

i=1

eiω̃i ; F 6 = e0α0 ∧ β0 . (2.11)

The coefficients in these expansions are integers since the integrals of the fluxes over the

corresponding p-cycles are quantized. To avoid subtleties with exotic orientifold planes we

take the flux integers to be even. As in [8] we take all forms to have dimensions (length)−1

so that moduli fields are all dimensionless.

The orientifold involution also allows for metric fluxes that are deformations of the

original manifold. Such backgrounds appear naturally in the context of Scherk-Schwarz

reductions [11]. They are equivalent [12 – 15] to compactification on a twisted torus de-

fined by

dηP = −1

2
ωP

MNηM ∧ ηN ; M,N,P = 1, . . . , 6 , (2.12)

where ηP are the tangent 1-forms. The metric fluxes are the constant coefficients ωP
MN ,

antisymmetric in the lower indices. In general, the twisted torus has isometries with gen-

erators ZM . The ωP
MN turn out to be the structure constants of the Lie algebra generated

by the ZM , i.e.

[ZM , ZN ] = ωP
MNZP . (2.13)

Either from the Jacobi identity of the algebra or from the Bianchi identity of (2.12) one

finds that the metric fluxes must satisfy

ωP
[MNωS

R]P = 0 . (2.14)

It can further be shown that ωP
PN = 0 [11]. The metric fluxes must be quantized by

consistency of the twisted torus structure [32].

An useful result in the following is that we can contract the metric fluxes with a p-form

X to obtain a (p + 1)-form ωX with components

(ωX )LMN1···Np−1
= ωA

[LMXN1···Np−1]A . (2.15)

Actually, for a constant form, ωX is basically dX computed in the twisted torus.

The metric fluxes are even under the orientifold involution. Then they can be of type

ωi
ab, ωi

jk, ωa
ib, i = 1, 2, 3, a = 4, 5, 6. As in the case of RR and NS fluxes, we only switch on

– 5 –
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metric fluxes with one leg on each sub-torus. Thus, there are twelve free parameters for

which we use the notation



ω1
56

ω2
64

ω3
45


 =




a1

a2

a3


 ;



−ω1

23 ω4
53 ω4

26

ω5
34−ω2

31 ω5
61

ω6
42 ω6

15−ω3
12


 =




b11 b12 b13

b21 b22 b23

b31 b32 b33


 . (2.16)

The Jacobi identities imply the twelve constraints

bijaj + bjjai = 0 ; i 6= j

bikbkj + bkkbij = 0 ; i 6= j 6= k . (2.17)

Finally, the NS flux must satisfy the Bianchi identity [12, 6]

ωH3 = 0 , (2.18)

with the contraction defined in (2.15). This constraint is satisfied automatically by the

particular fluxes (2.10) and (2.16).

The superpotential induced by the fluxes can be obtained by performing the explicit

Kaluza-Klein reduction [4, 6]. The RR fluxes generate a superpotential only for the Kähler

moduli, namely

WK =

∫

T6

eJc ∧ FRR , (2.19)

where FRR represents a formal sum of the even RR fluxes. NS and metric fluxes give a

superpotential for the dilaton and complex structure moduli that can be cast as

WQ =

∫

T6

Ωc ∧ (H3 + ωJc) . (2.20)

Recall that ωJc is a 3-form as defined in (2.15). Using previous results it is easy to compute

WQ. Combining with WK yields the full superpotential

W = e0 + ih0S +

3∑

i=1




iei − aiS − biiUi −

∑

j 6=i

bijUj


 Ti − ihiUi




−q1T2T3 − q2T1T3 − q3T1T2 + imT1T2T3 . (2.21)

This result was first presented in [6] and analyzed in detail in [8].

The fluxes also induce RR tadpoles. In this IIA orientifold there are C7 tadpoles. In

fact, the ten-dimensional action has a piece
∫

M4×T6

[C7 ∧ (mH3 + ωF 2)] +
∑

a

Na

∫

M4×Πa

C7 . (2.22)

The second term takes into account the coupling to O6-planes and stacks of D6-branes

wrapping factorizable 3-cycles

Πa = (n1
a,m

1
a) ⊗ (n2

a,m
2
a) ⊗ (n3

a,m
3
a) , (2.23)
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and the corresponding orientifold images wrapping ⊗i(n
i
a,−mi

a). Here ni
a (mi

a) are the

wrapping numbers along the xi (yi) torus directions. The O6-planes wrap ⊗i(1, 0). From

the component of C7 along x1, x2 and x3 we obtain

∑

a

Nan
1
an

2
an

3
a +

1

2
(mh0 + a1q1 + a2q2 + a3q3) = 16 . (2.24)

From other components of C7 there are further cancellation conditions

∑

a

Nan
1
am

2
am

3
a +

1

2
(mh1 − q1b11 − q2b21 − q3b31) = 0 ,

∑

a

Nam
1
an

2
am

3
a +

1

2
(mh2 − q1b12 − q2b22 − q3b32) = 0 , (2.25)

∑

a

Nam
1
am

2
an

3
a +

1

2
(mh3 − q1b13 − q2b23 − q3b33) = 0 .

In a Z2×Z2 set-up there are other O6-planes that contribute -16 to the right hand side [33,

34].

2.3 IIB orientifold with O3-planes

We now discuss the IIB orientifold on T6/[ΩP (−1)FLσB ], with involution acting on the

Kähler form and the holomorphic 3-form as σB(J) = J and σB(Ω) = −Ω. In terms of

the coordinates this is σB(xi) = −xi and σB(yi) = −yi. Thus, there are O3-planes that

span space-time. Upon T-duality along x1, x2 and x3, we recover the IIA orientifold with

O6-branes of the previous section.

We have again seven diagonal closed moduli, the dilaton, three Kähler moduli and

three complex structure moduli. We denote them as S, Ti and Ui, even though they have

different realizations in terms of the ten-dimensional degrees of freedom. In fact, the IIB

and IIA moduli are related by T-duality as Ti ↔ Ui, whereas S is invariant. The IIB

complex structure fields are given directly by the toroidal complex structures, i.e. Uj = τj.

The complex dilaton is instead

S = e−φ + iC0 , (2.26)

where C0 is the R-R 0-form. The Kähler moduli can be extracted from the complexified

4-form

Jc = C4 +
i

2
e−φJ ∧ J = i

3∑

i=1

Tiω̃i , (2.27)

where C4 is the RR 4-form. The Kähler potential for the moduli has the same expres-

sion (2.9). The flux generated superpotential will be presented shortly.

The RR 3-form flux is odd under the orientifold involution. The most general flux can

then be written as

F3 = −mα0 − e0β0 +
3∑

i=1

(eiαi − qiβi) . (2.28)

– 7 –
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IIB/O3 IIA/O6 IIB/O9 flux

F123 F0 −F456 −m

F423 F14 F156 −q1

F153 F25 F426 −q2

F126 F36 F453 −q3

F156 F2536 −F423 e1

F426 F1436 −F153 e2

F453 F1425 −F126 e3

F456 F142536 F123 −e0

Table 1: RR IIB/O3 fluxes and their T-duals.

Observe that the flux coefficients are the same that appear in the RR IIA fluxes, c.f. (2.11).

This is in agreement with T-duality. For the RR field strengths the Buscher rule states [35,

36]

FMN1···Np

TM←→FN1···Np
, (2.29)

where TM is T-duality in the xM direction. Then, performing T-dualities in x1, x2, x3,

in that order, on F3 we obtain the IIA fluxes given in (2.11). Additional T-dualities in

x4, x5, x6, give the fluxes in the IIB orientifold on T6/ΩP that has O9-planes. These results

are summarized in table 1.

The NS 3-form flux is also odd under the orientifold involution. We thus have the

general expansion

H3 = h0β0 −
3∑

i=1

aiαi + h̄0α0 −
3∑

i=1

āiβi . (2.30)

For NS fluxes we can apply Buscher rules [35] to T-dualize when H3 arises from a 2-

form independent of the dualized coordinates. In this case it is known that NS fluxes can

transform into metric fluxes [37, 19]. As reviewed in [8], starting with H3 = h0β0−
∑

i aiαi

and performing T-dualities in x1, x2, x3, leads to the IIA fluxes

H3 = h0β0 ; ω1
56 = a1 ; ω2

64 = a2 ; ω3
45 = a3 . (2.31)

If H3 ∼ α0, the 2-form would depend on one the xi. If H3 ∼ βi, one can still apply

Buscher rules but they lead to more complicated geometries [19]. In [16] it was proposed

that T-duality of the most general NS flux will lead to metric as well as to non-geometric

fluxes. This will be the subject of next section.

In the IIB orientifold at hand there cannot be metric fluxes because the orientifold

involution does not allow any even parameters ωP
MN .

The NS and RR 3-form fluxes induce the well-known superpotential [2]

W =

∫

T6

(F3 − iSH3) ∧ Ω . (2.32)

– 8 –
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Substituting the fluxes we obtain

W = e0 + i

3∑

i=1

eiUi − q1U2U3 − q2U1U3 − q3U1U2 + imU1U2U3

+S

[
ih0 −

3∑

i=1

aiUi + iā1U2U3 + iā2U1U3 + iā3U1U2 − h̄0U1U2U3

]
. (2.33)

To go to type IIA we just exchange Ui ↔ Ti. Comparing with (2.21) clearly shows that

the two superpotentials do not match. This hints at missing fluxes both in IIA and IIB. In

the next section we will see that after including the non-geometric fluxes proposed in [16]

the two superpotentials will be exact T-duals.

In this orientifold there is a C4 tadpole induced by the fluxes. We know that it arises

from the action term [38] ∫

M4×T6

C4 ∧H3 ∧ F3 . (2.34)

There are also contributions from O3-planes and a stack of ND3 D3-branes. Substituting

the fluxes and including the sources we obtain the tadpole cancellation condition

ND3 +
1

2

[
mh0 − e0h̄0 +

∑

i

(qiai + eiāi)

]
= 16 . (2.35)

Upon T-duality this agrees with the C7 tadpole (2.24). We also expect C8 tadpoles to

match (2.25) but they cannot be induced by RR and NS fluxes alone, clearly some terms

are missing. This is another indication that non-geometric fluxes are required by T-duality.

3. T-duality and non-geometric fluxes

There are two types of non-geometric fluxes introduced in [16], the tensors QMN
P and

RMNP that are completely antisymmetric in the upper indices. The Q’s are odd under the

orientifold involution, while the R’s are even. Recall that HMNP is odd and ωM
NP is even.

Now, the crucial property is that all these fluxes are related by T-duality according to the

chain

−HMNP
TM←→ ωM

NP
TN←→ QMN

P
TP←→ − RMNP . (3.1)

We have introduced some extra signs in order to agree with the conventions used in [8].

For example, we have seen that H156 = −a1 transforms under T1-duality into ω1
56 = a1.

In IIB with O3-planes there are neither metric fluxes nor non-geometric fluxes of type

R because there are no such tensors even under the orientifold involution. There are only

odd non-geometric fluxes, denoted QMN
P , that comprise twenty-four free parameters taking

each index in a different sub-torus. There are also odd NS fluxes H.

In IIA with O6-planes there are non-geometric fluxes Q and R, as well as NS H and

metric fluxes ω. It is also interesting to consider IIB with O9-planes in which the orientifold

involution is the identity. In this case there can only be even fluxes denoted ω and R.
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IIB/O3 IIA/O6 IIB/O9 flux(
Q23

4 Q31
5 Q12

6

)
−

(
H423 H153 H126

) (
ω

4
23 ω

5
31 ω

6
12

)
−

(
h1 h2 h3

)




−Q23
1 Q34

5 Q42
6

Q53
4 −Q31

2 Q15
6

Q26
4 Q61

5 −Q12
3







−ω1
23 ω4

53 ω4
26

ω5
34−ω2

31 ω5
61

ω6
42 ω6

15−ω3
12







−ω
1
23 ω

5
34 ω

6
42

ω
4
53−ω

2
31 ω

6
15

ω
4
26 ω

5
61−ω

3
12







b11 b12 b13

b21 b22 b23

b31 b32 b33




(
Q56

1 Q64
2 Q45

3

)
−

(
R156 R426 R453

) (
ω

1
56 ω

2
64 ω

3
45

)
−

(
h̄1 h̄2 h̄3

)




−Q56
4 Q61

2 Q15
3

Q26
1 −Q64

5 Q42
3

Q53
1 Q34

2 −Q45
6







−Q56
4 Q26

1 Q53
1

Q61
2 −Q64

5 Q34
2

Q15
3 Q42

3 −Q45
6







−ω
4
56 ω

2
61 ω

3
15

ω
1
26−ω

5
64 ω

3
42

ω
1
53 ω

2
34−ω

6
45







b̄11 b̄12 b̄13

b̄21 b̄22 b̄23

b̄31 b̄32 b̄33




Table 2: Non-geometric IIB/O3 fluxes and their T-duals.

Using the rule (3.1) and starting with the NS and metric fluxes in the IIA side we can

perform a chain of T1, T2 and T3 dualities, i.e. mirror symmetry, to obtain the correspond-

ing fluxes in IIB. For example, under mirror symmetry, H ijc → −Qij
c , ωi

jk → Qjk
i , and so

on. The results are summarized in table 2. Notice that the indices are ordered cyclically

according to the sub-torus to which they belong. The IIB/O9 fluxes are obtained from

IIB/O3 by performing six T-dualities, T1, . . . ,T6, or obviously from IIA/O6 by applying

only T4,T5,T6.

So far we have accounted for twelve non-geometric IIB/O3 fluxes, those related to

the IIA/O6 backgrounds hi (NS) and bij (metric). The IIB/O3 orientifold projection still

allows another twelve components for Q, denoted h̄i and b̄ij as shown in table 2. Applying

T-dualities we then obtain the corresponding fluxes in IIA/O6 and IIB/O9. These results

are also displayed in table 2.

Finally, applying T-duality to the IIB/O3 NS fluxes reveals some non-geometric fluxes

in IIA/O6 and IIB/O9. For example, acting with the chain of T1, T2 and T3 dualities

gives H123 → R123, H423 → −Q23
4 , etc. . .We have already seen that the Hibc are T-dual to

IIA metric fluxes. These results are collected in table 3. We now have a complete explicit

dictionary to translate from one orientifold to another.

The next task is to determine the superpotential and tadpoles induced by the non-

geometric fluxes. In sections 3.1 and 3.2 we consider type IIB with O3-planes and type IIA

with O6-planes to some extent. We will give explicit expressions for the superpotentials

as integrals involving the flux tensors and the complexified forms that encode the moduli.

Tadpoles of RR Cp forms are written in terms of the flux combinations that couple to

them. The IIB orientifold with O9-planes will be briefly surveyed. The NS, metric and non-

geometric fluxes are expected to satisfy Bianchi identities that generalize (2.14) and (2.18).

This type of constraints will be derived in section 3.4.

With the T-dual superpotential available, the next step is to analyze the moduli po-

tential. In section 3.5 we will discuss some classes of vacua and compare with previous

results.
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IIB/O3 IIA/O6 IIB/O9 flux

H123 R123
R

123 h̄0

H423 −Q23
4 R

423 −ā1

H153 −Q31
5 R

153 −ā2

H126 −Q12
6 R

126 −ā3

H156 −ω1
56 R

156 −a1

H426 −ω2
64 R

426 −a2

H453 −ω3
45 R

453 −a3

H456 H456 R
456 h0

Table 3: NS IIB/O3 fluxes and their T-duals.

3.1 T-dual superpotential and tadpoles in IIB with O3-planes

We want to determine the superpotential and tadpoles induced by the Q fluxes. An useful

result is that we can contract a p-form X with Q to obtain a (p − 1)-form QX with

components

(QX )LM1···Mp−2
=

1

2
QAB

[L XM1···Mp−2]AB . (3.2)

This is analogous to the contraction with ω defined in (2.15).

Observing the IIA result (2.21) it is clear that the Q fluxes must induce new terms

linear in the Ti and up to cubic order in the Ui. Such terms can be generated by adding to

W a piece
∫
QJc ∧ Ω, where Jc is the 4-form that encodes the Kähler moduli, c.f. (2.27),

and QJc is a 3-form according to (3.2). The complete IIB superpotential is then

W =

∫

T6

(F3 − iSH3 + QJc) ∧ Ω . (3.3)

Substituting the fluxes yields

W = e0 + i

3∑

i=1

eiUi − q1U2U3 − q2U1U3 − q3U1U2 + imU1U2U3

+S

[
ih0 −

3∑

i=1

aiUi + iā1U2U3 + iā2U1U3 + iā3U1U2 − h̄0U1U2U3

]
(3.4)

+
3∑

i=1

Ti


−ihi −

3∑

j=1

Ujbji + iU2U3b̄1i + iU1U3b̄2i + iU1U2b̄3i + U1U2U3h̄i


 .

The Q-induced terms are in the last row.

The general superpotential agrees with the proposal of [16] if we assume a symmetry

under exchange of the three sub-tori. This amounts to setting Ti = T and Ui = U together
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with the choice of fluxes

ei = e ; qi = q ; ai = a ; āi = ā ; hi = h ; h̄i = h̄i ;

bij = b (i 6= j) ; bii = β ; b̄ij = b̄ (i 6= j) ; b̄ii = β̄ . (3.5)

We have also taken bij = bji and b̄ij = b̄ji. The superpotential then reduces to

W = e0 + 3ieU − 3qU2 + imU3

+S[ih0 − 3aU + 3iāU2 − h̄0U
3] (3.6)

+3T [ − ih − (2b + β)U + i(2b̄ + β̄)U2 + h̄U3] .

The fluxes that enter in the superpotential must satisfy some tadpole cancellation condi-

tions and Bianchi constraints that will be examined in the next sections.

In this orientifold there is a C4 tadpole already discussed in section 2.3. We also expect

C8 tadpoles that can receive contributions from D7-branes and O7-planes. The flux piece

must be a 2-form suitable to wedge with C8. A natural candidate is QF3, where the 2-form

is computed according to (3.2). The proposal for the C8 tadpole is just

−
∫

M4×T6

C8 ∧QF3 . (3.7)

The minus sign in front is needed to match the known IIA results when only NS and metric

fluxes are present. There are three different tadpoles according to the components of C8

that can couple to D7i-branes. As usual, a D7i-brane is transverse to T2
i while wrapping

T2
j and T2

k, i 6= j 6= k. For example, the flux contribution to the D71 tadpole comes from

(QF3)14 = −mh1 + e0h̄1 +
∑

i

(qibi1 + eib̄i1) . (3.8)

Taking into account a number ND7i
of D7i-branes, and the flux tadpoles arising from (3.7),

gives the cancellation conditions

−ND7i
+

1

2

[
mhi − e0h̄i −

∑

j

(qjbji + ej b̄ji)

]
= 0 . (3.9)

We have not included O7-planes, absent in a setup without Z2 × Z2 orbifolding. A new

interesting feature is the dependence of the tadpoles on all RR fluxes.

3.2 T-dual superpotential and tadpoles in IIA with O6-planes

In this case there are non-geometric Q and R fluxes. As in (3.2), we can contract Q with

a p-form X to obtain a (p − 1)-form QX . Analogously, contracting with R we obtain a

(p − 3)-form with components

(RX )M1···Mp−3
=

1

6
RABCX[M1···Mp−3]ABC . (3.10)

For example, the 3-form RF 6 contributes to C7 tadpoles.
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The Q and R fluxes are expected to induce superpotential terms quadratic and cubic

in the IIA Kähler moduli. There are appropriate 2 and 3-forms that encode the required

combination of the Ti, namely

J (2)
c ≡ 1

2
Jc ∧ Jc = −T2T3 ω̃1 − T1T3 ω̃2 − T1T2 ω̃3

J (3)
c ≡ 1

6
Jc ∧ Jc ∧ Jc = −iT1T2T3 α0 ∧ β0 . (3.11)

Then, the IIA superpotential T-dual to (3.3) can be written as

W =

∫

T6

[
eJc ∧ FRR + Ωc ∧ (H3 + ωJc + QJ (2)

c + RJ (3)
c )

]
. (3.12)

Substituting the fluxes precisely reproduces (3.4) upon exchanging Ti ↔ Ui.

The idea behind the general formula for W is to wedge Ωc with all available 3-forms.

An analogous reasoning suggests that the C7 tadpoles due to all fluxes follow from
∫

M4×T6

C7 ∧ (−H3F 0 + ωF 2 − QF 4 + RF 6) . (3.13)

The signs have been chosen to match results in type IIB. Including tadpoles due to O6-

planes and stacks of intersecting D6-branes leads to the general cancellation conditions

∑

a

Nan
1
an

2
an

3
a +

1

2

[
mh0 − e0h̄0 +

∑

i

(qiai + eiāi)

]
= 16 ,

∑

a

Nan
1
am

2
am

3
a +

1

2

[
mh1 − e0h̄1 −

∑

i

(qibi1 + eib̄i1)

]
= 0 ,

∑

a

Nam
1
an

2
am

3
a +

1

2

[
mh2 − e0h̄2 −

∑

i

(qibi2 + eib̄i2)

]
= 0 , (3.14)

∑

a

Nam
1
am

2
an

3
a +

1

2

[
mh3 − e0h̄3 −

∑

i

(qibi3 + eib̄i3)

]
= 0 .

These agree with (2.35) and (3.9).

3.3 T-dual superpotential and tadpoles in IIB with O9-planes

In this case the orientifold action is only ΩP . Since the orientifold involution is the identity

only even fluxes are allowed. There are eight RR FLMN , twenty-four metric ω
L
MN , and

eight non-geometric R
LMN . The components are displayed in tables 1, 2 and 3.

The superpotential can be derived from IIB/O3 results by implementing T-dualities

in each of the six internal coordinates. The moduli then transform as S ↔ S, Ti ↔ Ti, but

Ui ↔ 1/Ui. The Kähler potential transforms as

K → K + log |U1U2U3|2 . (3.15)

Invariance of the Kähler function, G = K + log |W|2, then requires

WO9 =
−iW

U1U2U3
. (3.16)
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where we have chosen a convenient phase. Therefore, in terms of IIB/O9 moduli,

WO9 = m + i

3∑

i=1

qiUi + e1U2U3 + e2U1U3 + e3U1U2 − ie0U1U2U3

+S

[
ih̄0 +

3∑

i=1

āiUi + ia1U2U3 + ia2U1U3 + ia3U1U2 + h0U1U2U3

]
(3.17)

+

3∑

i=1

Ti

[
− ih̄i +

3∑

j=1

b̄jiUj + ib1iU2U3 + ib2iU1U3 + ib3iU1U2 − hiU1U2U3

]
.

In absence of metric ω and non-geometric R fluxes WO9 depends only on the complex

structure moduli. Linear terms in Ti and S are induced by ω and R respectively.

Now there are O9-planes and we can add D9-branes. We then anticipate that fluxes

contribute to a C10 tadpole. Indeed, there is a candidate tadpole term
∫

M4×T6

C10 ∧ RF3 , (3.18)

where RF3 is a 0-form according to (3.10). Substituting the fluxes and including sources

gives

ND9 +
1

2

[
mh0 − e0h̄0 +

∑

i

(qiai + eiāi)

]
= 16 . (3.19)

To match the IIB/O3 results there must also be C6 tadpoles. With the available fluxes we

can indeed have a term ∫

M4×T6

C6 ∧ ωF3 , (3.20)

where ωF3 is a 4-form according to (2.15). We can also add D5i-branes that wrap T2
i . We

then find cancellation conditions

ND5i
+

1

2

[
mhi − e0h̄i −

∑

j

(qjbji + ej b̄ji)

]
= 0 . (3.21)

We have not included O5-planes.

3.4 Constraints on NS, metric and non-geometric fluxes

We saw in section 2 that the geometric fluxes ωM
NP are subject to the Bianchi identities in

eq. (2.14). To find the analogous constraints for non-geometric fluxes we will follow the

approach of [16], see also [26]. The strategy is to extend the algebra of isometry generators

ZM to include generators XM , M = 1, . . . , 6. The XM are associated to gauge symmetries

arising from reduction of the B-field on T6 with fluxes [12]. The extended algebra has the

NS, metric and non-geometric fluxes as structure constants. The most general algebra is

then
[ZM , ZN ] = −HMNP XP + ωP

MNZP ,

[ZM ,XP ] = −ωP
MNXN + QPR

M ZR , (3.22)

[XM ,XN ] = QMN
P XP − RMNP ZP .

The Jacobi identities of the algebra give constraints on the fluxes.1

1In contrast to the algebras considered in [13], here there are always six ZM and six XM generators, as

required to account for all fluxes.
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The proposed algebra actually applies to any of the IIA or IIB orientifolds, provided

that all fluxes allowed by the orientifold action are kept in each case. In fact, using (3.1)

and

ZM
TM←→XM , (3.23)

we see that the algebra is invariant under TM -duality. Written in terms of the various

tensors, the Jacobi identities take a different form in each case. However, in terms of the

individual flux parameters that appear in the T-dual superpotential there is just one set

of constraints valid on all orientifolds.

It is convenient to work with the IIB with O3-planes in which only NS H and non-

geometric Q fluxes appear. The ZZZ Jacobi identity leads to

QRP
[L HMN ]P = 0 . (3.24)

Substituting the fluxes in tables 2 and 3 then yields

h̄0hj + āibij + ājbjj − ak b̄kj = 0 , (3.25)

h0h̄j + aib̄ij + aj b̄jj − ākbkj = 0 , (3.26)

h̄0bkj + āib̄jj + āj b̄ij − akh̄j = 0 , (3.27)

h0b̄kj + aibjj + ajbij − ākhj = 0 . (3.28)

In all cases i 6= j 6= k. The XXX Jacobi identity simply gives

Q[MN
P QL]P

R = 0 . (3.29)

In terms of the explicit fluxes

−biibjk + b̄kihk + hib̄kk − bjibik = 0 , (3.30)

− b̄iib̄jk + bkih̄k + h̄ibkk − b̄jib̄ik = 0 , (3.31)

− biib̄ij + b̄jibjj + hih̄j − bkib̄kj = 0 , (3.32)

b̄iibij − bjib̄jj + hih̄j − bkib̄kj = 0 . (3.33)

In all cases i 6= j 6= k. There are no further constraints from other Jacobi identities.

With the isotropic fluxes given in (3.5) the constraints read

h̄0h + ā(b + β) − ab̄ = 0 , (3.34)

h0h̄ + a(b̄ + β̄) − āb = 0 , (3.35)

h̄0b + ā(b̄ + β̄) − ah̄ = 0 , (3.36)

h0b̄ + a(b + β) − āh = 0 , (3.37)

h(b̄ + β̄) − b(b + β) = 0 , (3.38)

h̄(b + β) − b̄(b̄ + β̄) = 0 , (3.39)

hh̄ − bb̄ = 0 . (3.40)
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Some classes of solutions are:

1. h = h̄ = b = β = b̄ = β̄ = 0 (Q = 0) ; a, ā, h0, h̄0 6= 0 (H 6= 0) . (3.41)

2. a = ā = h0 = h̄0 = 0 (H = 0) ; hh̄ = bb̄ ; h(b̄ + β̄) = b(b + β) . (3.42)

3. a = ā = h = h̄ = b = b̄ = 0 ; h0, h̄0, β, β̄ 6= 0 . (3.43)

4. β = −b ; β̄ = −b̄ ; hh̄ = bb̄ ; h̄0h = ab̄ ; h0h̄ = āb . (3.44)

3.5 Some vacua with T-dual fluxes

In this section we work in the IIA/O6 setup for ease of comparison with results of [8]. Our

purpose is to see the effect of the new non-geometric fluxes in some simple examples. We

focus on no-scale type of superpotentials depending only on four moduli. In this case the

scalar potential is positive definite and is minimized with respect to all fields when the four

covariant derivatives of W vanish.

To be concrete we consider the moduli S, U1, T2 and T3. Turning on all fluxes visible

to these fields gives the generic superpotential

W = e0 + ie2T2 + ie3T3 − q1T2T3 + S[ih0 − a2T2 − a3T3 + iā1T2T3]

− U1[ih1 + b21T2 + b31T3 − ib̄11T2T3] . (3.45)

It is easily proven that the set of fluxes in W satisfies the Bianchi identities of the previous

section. Moreover, these fluxes do not contribute to tadpoles.

When one of the non-geometric flux parameters is zero we can map W to one of the

cases studied in [8]. For instance, when ā1 = 0, redefining U1 → T1, and relabelling fluxes

appropriately, brings us to the NS-3 example of [8]. If a2 = a3 = 0, we can compare with

the simpler NS-1 model. In this case we conclude that there are minima only if h0 6= 0,

b̄11 6= 0 and furthermore

h1b̄11 = b31b21 ; e2b̄11 = −q1b21 ; e3b̄11 = −q1b31 . (3.46)

We also find that axions are fixed but the real parts of moduli remain undetermined except

for a relation h0ReS = b̄11Re U1Re T2Re T3. The situation with b̄11 = 0 also corresponds

to the NS-3 example [8]. It is only when ā1 6= 0 and b̄11 6= 0, so that both cubic terms are

present in W , that we can have a different kind of no-scale model.

We have analyzed the case with both non-geometric fluxes turned on to some extent.

To simplify we choose ai = a, bi1 = b and ei = e, which allows vacua with T2 = T3 = T .

Some generic results can be extracted. For instance,

ā Im S + b̄ Im U = −q ,

(a + ā Im T )Re S = (b + b̄ Im T )Re U , (3.47)

where we have dropped subindices. There are more equations to be solved. In general

only the ratio of Re S and ReU is fixed. When ab̄ 6= bā, the fluxes generically determine

all axions as well as Re T . When ab̄ = bā, and eā = −qa by consistency, there are

two types of solutions. In one type, with hq 6= −eb, all axions are determined, in fact

– 16 –



J
H
E
P
0
5
(
2
0
0
6
)
0
7
0

Im T = −a/ā, and (Re T )4 is completely fixed in terms of fluxes alone. In the other type,

with fluxes further satisfying he = −e0b and h0b = −ha, all axions are undetermined

and (ReT )2 can only be given in terms of ImT . For instance by choosing the fluxes

a = ā = b = b̄ = h0 = e0 = e = −q = 2 and h = 0 we find the solution

Im S = −Im T = 1 ; Im U = 0 ; Re T = 2
1

4 ; ReU =
√

2 ReS . (3.48)

Taking larger fluxes it should be possible to obtain larger Re T .

To summarize, adding non-geometric backgrounds leads to new no-scale vacua, in-

equivalent to those with only RR, NS and metric fluxes. However, the examples that

we have examined have qualitative properties analogous to the vacua analyzed in [8]. In

section 5 we will briefly consider Minkowski vacua in presence of non-geometric fluxes.

4. IIB S-duality and fluxes

We know that type IIB string theory is S-duality invariant. Upon the orientifold compact-

ification here considered we still expect the theory to reflect this underlying invariance. In

fact, in the absence of non-geometric fluxes, when only H3 and F3 are present, the theory

is explicitly S-duality invariant because these fluxes transform appropriately. On the other

hand, once we have added non-geometric fluxes Q the theory does not respect S-duality.

We will see in this section that S-duality invariance requires the presence of extra flux

degrees of freedom P.

We want to implement invariance under the SL(2, Z) S-duality transformations

S → kS − i`

imS + n
; kn − `m = 1 ; k, `, m, n ∈ Z . (4.1)

The factors of i are needed since in our conventions Re S = 1/gs. The Kähler potential,

K = − log(S + S∗) + · · ·, transforms as

K → K + log |imS + n|2 . (4.2)

Thus, the Kähler function, G = K + log |W|2, is invariant provided the superpotential

verifies

W → W
imS + n

. (4.3)

With only NS and RR fluxes turned on this follows simply because under S-duality the NS

and RR 3-forms transform as

(
F3

H3

)
→

(
k `

m n

)(
F3

H3

)
. (4.4)

In particular, when S → 1/S, F3 → −H3 and H3 → F3.

The question is now how to maintain S-duality after including the non-geometric fluxes

Q. To obtain a full S-dual superpotential we simply propose to add a new set of fluxes,
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denoted P, with the same tensor structure and number of components as Q. Concretely,

we conjecture that the superpotential is given by

W =

∫

T6

[(F3 − iSH3) + (Q− iSP)Jc] ∧ Ω . (4.5)

The action will be invariant as long as Q and P fluxes transform as
(
Q
P

)
→

(
k `

m n

)(
Q
P

)
. (4.6)

In particular, when S → 1/S, one has Q → −P and P → Q.

The new objects PMN
P are some sort of RR non-geometric fluxes. For the components

we use the notation



P23
4

P31
5

P12
6


 =




−f1

−f2

−f3


 ;



−P23

1 P34
5 P42

6

P53
4 −P31

2 P15
6

P26
4 P61

5 −P12
3


 =




g11 g12 g13

g21 g22 g23

g31 g32 g33


 , (4.7)

together with



P56
1

P64
2

P45
3


 =




−f̄1

−f̄2

−f̄3


 ;



−P56

4 P61
2 P15

3

P26
1 −P64

5 P42
3

P53
1 P34

2 −P45
6


 =




ḡ11 ḡ12 ḡ13

ḡ21 ḡ22 ḡ23

ḡ31 ḡ32 ḡ33


 . (4.8)

The superpotential generated by the P fluxes alone is

WP = −S
3∑

i=1

fiTi + iS
3∑

i,j=1

UjgjiTi + SU2U3

3∑

i=1

ḡ1iTi + SU1U3

3∑

i=1

ḡ2iTi

+SU1U2

3∑

i=1

ḡ3iTi − iSU1U2U3

3∑

i=1

f̄iTi . (4.9)

We thus see that we get new superpotential couplings which are linear in S and Ti and

up to cubic order in the Ui. The P fluxes will also give rise to modifications to tadpole

conditions and to Jacobi constraints involving these new fluxes. We now discuss these

issues in turn.

4.1 S-dual tadpoles

The C4 tadpole term (2.34) is S-duality invariant because C4 is invariant whereas F3 and

H3 transform as in (4.4). On the contrary, the C8 tadpole (3.7) is not S-duality invariant,

as one can easily check. In fact this is expected from the known fact [28 – 30] that the C8

RR-form is one component in a SL(2, Z) triplet of 8-forms, (C8, C̃8, C
′
8). Under S → 1/S

they transform as

C8 −→ −C̃8 ,

C̃8 −→ −C8 , (4.10)

C ′
8 −→ −C ′

8 .
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There is a constraint among the field strengths of these 8-forms so that there are only

two propagating degrees of freedom. These three forms may be sourced by three types of

7-branes, D7-branes, NS7-branes and certain other 7-branes called I7 in [31]. They have

the same supersymmetry projector [31] so that in principle they have common supersym-

metries. In our factorized torus each of them will come in three varieties, D7i, NS7i and

I7i, with i = 1, 2, 3, labelling one of the three tori transverse to the brane. Starting from

eq. (3.7) and imposing SL(2, Z)S invariance of the action one arrives at

∫

M4×T6

−C8 ∧ QF3 + C̃8 ∧ PH3 + C ′
8 ∧ (QH3 + PF3) . (4.11)

Just like QF3, here PH3, QH3 and PF3 are 2-forms computed as in (3.2). For example,

(QH)LM = 1
2QAB

[L HM ]AB.

The first two terms in eq. (4.11) give rise to tadpoles of D7i-branes and their S-dual

NS7i-branes. Looking at components we obtain the cancellation conditions

−ND7i
+

1

2

[
mhi − e0h̄i −

∑

j

(qjbji + ej b̄ji)

]
= 0 , (4.12)

− NNS7i
+

1

2

[
h0f̄i − h̄0fi −

∑

j

(ājgji − aj ḡji)

]
= 0 . (4.13)

Concerning the third term, one observes that the flux combinations coupling to C ′
8 do not

have RR character. In fact they are rather related to NS Bianchi identities. In particular,

in section 3.4 we found that QAB
[L HMN ]B = 0. It is easy to show that for our class of fluxes

this then implies QH3 = 0. We discuss further this issue in the next section.

4.2 S-dual Bianchi constraints

In section 3.4 we discussed the Bianchi identities leading to constraints on the H3 and Q
fluxes. By S-duality we expect constraints on the RR fluxes F3 and the new fluxes P. To

begin we consider the identity (3.29). To achieve closure under SL(2, Z)S we find that the

condition Q[MN
P QL]P

R = 0, schematically Q·Q = 0, remains valid and that there are actually

two new constraints. The point is that Q·Q is a component in a triplet of SL(2, Z)S . Acting

with S → 1/S we find that another component is P ·P, with corresponding Bianchi identity

given by

P [MN
P PL]P

R = 0 . (4.14)

Finally, applying a translation S → (S + i) shows that the third triplet component is

(Q · P + P · Q). Thus, there is also a constraint

Q[MN
P PL]P

R + P [MN
P QL]P

R = 0 . (4.15)

Notice that the left hand side has net RR charge so that it is potentially related to tadpoles.

However, given the tensor structure, it is not clear how it could couple to the known RR

forms. In absence of sources we are led to enforce the equality to zero.
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In components, eq. (4.14) breaks into (i 6= j 6= k)

−giigjk + ḡkifk + fiḡkk − gjigik = 0 , (4.16)

− ḡiiḡjk + gkif̄k + f̄igkk − ḡjiḡik = 0 , (4.17)

− giiḡij + ḡjigjj + fif̄j − gkiḡkj = 0 , (4.18)

ḡiigij − gjiḡjj + fif̄j − gkiḡkj = 0 . (4.19)

These are completely analogous to the conditions following from Q[MN
P QL]P

R = 0, given in

eqs. (3.30)-(3.33). In the particular case in which one imposes a symmetry under exchange

of the three sub-tori one has

fi = f ; f̄i = f̄ ; (4.20)

gij = g (i 6= j) ; gii = γ ; ḡij = ḡ (i 6= j) ; ḡii = γ̄ .

We have further assumed gij = gji and ḡij = ḡji. In this case we find the simplified set of

conditions

f(ḡ + γ̄) − g(g + γ) = 0 , (4.21)

f̄(g + γ) − ḡ(ḡ + γ̄) = 0 , (4.22)

f f̄ − gḡ = 0 . (4.23)

A simple solution is f = f̄ = g = ḡ = 0, but γ, γ̄ 6= 0. Another solution is γ = −g, γ̄ = −ḡ

and f̄ = gḡ/f .

Concerning eq. (4.15), it gives rise to the four additional constraints (i 6= j 6= k)

bkkḡkj − hk f̄j − b̄jkgjj + bikḡij + gkkb̄kj − fkh̄j − ḡjkbjj + gik b̄ij = 0 , (4.24)

bkkgij − hkḡjj − b̄jkfj + bikgkj + gkkbij − fkb̄jj − ḡjkhj + gikbkj = 0 , (4.25)

b̄kkḡij − h̄kgjj − bjkf̄j + b̄ikḡkj + ḡkkb̄ij − f̄kbjj − gjkh̄j + ḡik b̄kj = 0 , (4.26)

b̄kkgkj − h̄kfj − bjkḡjj + b̄ikgij + ḡkkbkj − f̄khj − gjkb̄jj + ḡikbij = 0 . (4.27)

For isotropic fluxes (3.5) and (4.20) they reduce to

bḡ + gb̄ − hf̄ − fh̄ = 0 , (4.28)

g(b + β) − h(ḡ + γ̄) − f(b̄ + β̄) + b(g + γ) = 0 , (4.29)

ḡ(b̄ + β̄) − h̄(g + γ) − f̄(b + β) + b̄(ḡ + γ̄) = 0 . (4.30)

The simple solution f = f̄ = g = ḡ = 0 also works, supplemented with bγ = hγ̄ and

b̄ḡ = h̄γ.

Let us now discuss the modifications to the identity eq. (3.24). In this case we can

construct the fully SL(2, Z)S invariant condition

QRP
[L HMN ]P − PRP

[L FMN ]P = 0 . (4.31)
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Substituting the flux components leads to (i 6= j 6= k)

h̄0hj + āibij + ājbjj − akb̄kj + mfj − qigij − qjgjj − ekḡkj = 0 , (4.32)

h0h̄j + aib̄ij + aj b̄jj − ākbkj − e0f̄j − eiḡij − ej ḡjj − qkgkj = 0 , (4.33)

h̄0bkj + āib̄jj + āj b̄ij − akh̄j + mgkj − qiḡjj − qj ḡij − ekf̄j = 0 , (4.34)

h0b̄kj + aibjj + ajbij − ākhj − e0ḡkj − eigjj − ejgij − qkfj = 0 . (4.35)

With the simple isotropic fluxes these constraints read

h̄0h + ā(b + β) − ab̄ + mf − q(g + γ) − eḡ = 0 , (4.36)

h0h̄ + a(b̄ + β̄) − āb − e0f̄ − e(ḡ + γ̄) − qg = 0 , (4.37)

h̄0b + ā(b̄ + β̄) − ah̄ + mg − q(ḡ + γ̄) − ef̄ = 0 , (4.38)

h0b̄ + a(b + β) − āh − e0ḡ − e(g + γ) − qf = 0 . (4.39)

We will discuss some solutions in section 5.

The combination (Q · H3 − P · F3) appearing in the identity (4.31) is an SL(2, Z)S
singlet. Now, with the doublets (Q,P) and (F3,H3) we can also form a triplet which is

rather related to tadpoles of RR 8-forms as we saw in the previous section. In particular,

concerning the C ′
8 flux tadpole in eq. (4.11), we see that in general it does not cancel

because neither Q · H3 nor P · F3 has to vanish separately. In fact, starting with the

tadpole term of C ′
8 we obtain the cancellation condition

NI7i
+

1

2


e0f̄i − mfi +

∑

j

(qjgji + ej ḡji)


 = 0 , (4.40)

where we have taken into account the constraints following from (4.31).

Unlike the situation with only NS, RR and geometric fluxes, we do not have at the

moment a prescription, e.g. by doing generalized dimensional reduction of a 10-dimensional

theory, to obtain the S-dual equivalent of the Bianchi identities. We have thus used as

a guide the duality transformations. It would nevertheless be very interesting to have

methods different from duality arguments in order to obtain the complete set of constraints.

5. N=1 Minkowski minima with moduli fixed

In this section we intend to start analyzing the landscape of vacua of the moduli potential

when S-dual fluxes are turned on. The essential new feature in the superpotential will

be the presence of terms (in type IIB langauge) of the form STiP (Uj), with P (Uj) a

cubic polynomial with integer flux coefficients. The complete superpotential is the sum

of eqs. (3.4) and (4.9). To study generic supersymmetric and non-supersymmetric vacua

of the ensuing moduli potential is beyond the scope of this work. As a first step towards

exploring the effect of S-dual fluxes we will only look here for supersymmetric Minkowski

solutions in which the potential attains a minimum when the superpotential and its partial

derivatives vanish.
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We will work in IIB/O3 and restrict to the case with Ti = T , Ui = U and fluxes given

by (3.5) and (4.20). The superpotential then simplifies to

W = e0 + 3ieU − 3qU2 + imU3

+S[ih0 − 3aU + 3iāU2 − h̄0U
3] (5.1)

+3T [ − ih − (2b + β)U + i(2b̄ + β̄)U2 + h̄U3]

+3ST [ − f + i(2g + γ)U + (2ḡ + γ̄)U2 − if̄U3] .

In this isotropic case the tadpole cancellation conditions become

ND3 +
1

2
[mh0 − e0h̄0 + 3qa + 3eā] = 16 ,

− ND7 +
1

2
[mh − e0h̄ − q(2b + β) − e(2b̄ + β̄)] = 0 , (5.2)

− NNS7 +
1

2
[h0f̄ − h̄0f − ā(2g + γ) + a(2ḡ + γ̄)] = 0 .

NI7 +
1

2
[e0f̄ − mf + q(2g + γ) + e(2ḡ + γ̄)] = 0 .

The fluxes must further satisfy the constraints derived in sections 3.4 and 4.2.

It is helpful to make a change of variables

U = −iρ ; S = −iσ ; T = −iτ . (5.3)

The superpotential (5.1) then becomes

W = E1 + σE2 + τE3 + στE4 , (5.4)

where the Ei are cubic polynomials in ρ given by

E1 = e0 + 3eρ + 3qρ2 − mρ3 ,

E2 = h0 + 3aρ − 3āρ2 − h̄0ρ
3 , (5.5)

E3 = 3[ − h + (2b + β)ρ − (2b̄ + β̄)ρ2 + h̄ρ3] ,

E4 = 3[f − (2g + γ)ρ + (2ḡ + γ̄)ρ2 − f̄ρ3] .

The advantage is that now all coefficients are real, in fact integers.

The problem is to find solutions of

W =
∂W
∂ρ

=
∂W
∂σ

=
∂W
∂τ

= 0 . (5.6)

To begin, let us review the known situation in which there are neither Q nor P fluxes [39].

In this case E3 = E4 = 0 and W does not depend on τ . From ∂W/∂σ = 0 and W = 0

we find E1 = E2 = 0. The remaining equation ∂W/∂ρ = 0 gives σ = −E′
1/E

′
2 (where

prime denotes derivative with respect to ρ). The task is to determine whether E1 = 0 and

E2 = 0 have a common root ρ = ρ0 with ρ0 necessarily complex (so that ReU 6= 0 at the

minimum). Now, ρ∗0 must also be a root because the Ei have real coefficients. Thus, the

Ei must factorize as [39]

Ei = (ρ − ρ0)(ρ − ρ∗0)(µiρ + νi) (5.7)
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with µi and νi some coefficients that depend on the fluxes. In [39] it is shown that there

are fluxes that allow such a factorization and moreover lead to ReS > 0. These fluxes

contribute to the C4 tadpole as D3-branes.

In a similar spirit we can consider the case H3 = 0 and P = 0 in which E2 = E4 = 0

and W does not depend on σ. Now E1 and E3 must factorize as in (5.7). For E1 this poses

no problem because the fluxes e0, e, q and m are unconstrained when P = 0. However, for

the coefficients of E3 we have the Bianchi conditions (3.42). These can be satisfied taking

for example h = 0, b̄ = 0 and β = −b. To simplify we also take β̄ = 0. Then, ρ0 = i
√

b/h̄

which requires h̄b > 0. Imposing that E1 has the same root gives the conditions e0h̄ = 3qb

and me0 = −9eq which can be satisfied with m = e = 0. It is also instructive to compute

τ = −E′
1/E

′
3. We find τ = qρ0/b. Then ReT > 0 requires qb > 0 and this implies that the

C8 tadpole is negative (same sign as for a D7-brane).

To continue the systematic analysis we can set only the P-fluxes to zero so that E4 = 0.

Now minimization with W = 0 requires E1 = E2 = E3 = 0. Moreover, the coefficients of

E2 and E3 must verify Bianchi constraints. Fulfilling the constraints by using the solu-

tion (3.43) leads to E3 without complex roots. Taking instead the constraint solution (3.44)

we find that E3 could have a complex root only if h0ā > 0, but it cannot be a simultane-

ous root of E2. The interesting conclusion is that to fix all moduli in a supersymmetric

Minkowski minimum, within our class of solutions of Bianchi constraints, we have to go

beyond metric and non-geometric fluxes.

We now come to the generic situation with all fluxes turned on. From ∂W/∂σ = 0

and ∂W/∂τ = 0 we find

τ = −E2

E4
; σ = −E3

E4
. (5.8)

Substituting in W = 0 and ∂W/∂ρ = 0 then gives

E = E1E4 − E2E3 = 0 ; E′ = 0 . (5.9)

Thus, this E must have a double root ρ0, necessarily complex. We also know that E has

real coefficients and is generically of order six in ρ. Hence, it can be written as

E = 3(ρ − ρ0)
2(ρ − ρ∗0)

2(αρ2 + δρ + ε) , (5.10)

where α, δ, ε and ρ0 depend on the fluxes.

To proceed further we will implement specific solutions for the Bianchi identities de-

rived in section 4.2. We consider different cases according to how we solve the constraints

on P and Q fluxes alone. These cases are shown in table 4, where we have also displayed

the solution to the constraint involving the F3 and H3 fluxes.

Within our class of solutions the polynomials E3 and E4 always take a simpler form.

For example, in case 1 they are given by

E3 =
3

h
(b̄ρ2 + h)(bρ − h) ; E4 =

3γρ

h
(bρ − h) . (5.11)

In each case we compute E and check if it can be factorized in the form (5.10). When

this is possible we can determine ρ0. Moreover, typically there will be relations among the

fluxes. We have limited ourselves to finding some solutions. Details are presented below.
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Case P · P = 0 Q · Q = 0 Q · P + P · Q = 0 Q · H3 − P · F3 = 0

β = −b, β̄ = −b̄ h0b̄ = eγ + āh
1 f = f̄ = g = ḡ = 0

hh̄ = bb̄
bγ = hγ̄

h̄0h = qγ + ab̄

γ = −g, γ̄ = −ḡ mg = ef̄ − āβ̄
2

f f̄ = gḡ
h = h̄ = b = b̄ = 0 fβ̄ = gβ

qg = aβ̄ − e0f̄

Table 4: Solutions to Bianchi identities

Case 1. We find a class of minima with fluxes satisfying the relations

q = 0 ; e0γ = 4ah ; mh0hγ = (eγ + 4hā)(eγ + hā) . (5.12)

Besides, q = 0 implies hh̄0 = ab̄, with b̄ given in table 4. As free parameters we can then

take a, ā, b, h0, h, γ and e. They must be such that the remaining dependent fluxes come

out integers as well. Furthermore, there are sign relations required for consistency. For

example, we find

ρ0 = i|ρ0| ; |ρ0|2 = − h0h

eγ + hā
. (5.13)

This needs h0h(eγ + hā) < 0, then U =
√

−h0h/(eγ + hā).

The remaining moduli turn out to be

S =
2h

γU
,

T =
h[h0(2āh − eγ) − 2iaU(eγ + āh)]

3γU(eγ + āh)(h − ibU)
. (5.14)

To guarantee Re S > 0 and Re T > 0 we need

hγ > 0 ; (2ab − 2āh + eγ) > 0 . (5.15)

For example, choosing

a = −8 ; b = −4 ; h = −4 ; γ = −4 ; ā = 12 ; h0 = 8 ; e = −16 , (5.16)

we find that all dependent fluxes are also even integers. The moduli are determined to be

U = S =
√

2 ; T =
1

9
(14

√
2 + 16i) . (5.17)

It is also interesting to compute the tadpoles. In particular we find

ND3 − 288 = 16 ; −ND7 + 80 = 0 ; −NNS7 + 40 = 0 ; NI7 + 32 = 0 . (5.18)

We observe the peculiar result that fluxes contribute to the C4 tadpole as O3-planes instead

of D3-branes. However, this is not generic. In other examples the C4 flux tadpole comes

out positive. The 8-form tadpoles can have either sign, or even cancel, depending on the

parameters.
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Within the above class of vacua we can set e = 0, implying h0b̄ = āh. The I7 tadpole

cancels since now q = e = 0. On the other hand, from the condition ReS > 0 we conclude

that in this case fluxes always contribute to the C4 tadpole as D3-branes. Using also the

condition for Re T > 0 shows that the flux piece in the C8 tadpole is positive (opposite

sign as D7-branes). The flux piece in the NS7 (C̃8) tadpole is also positive. In fact, the

flux tadpoles of C8 and C̃8 are both positive and proportional to Re T . To give a numerical

example, we can take ā = −h0 = 2, U = 1, and

a = −8 ; b = −2 ; h = −2 ; γ = −2 ; S = 2 ; T =
5

3
− i . (5.19)

It is easy to verify that the dependent fluxes are all even integers.

If we relax the condition bγ = hγ̄ we can find vacua with all 7-brane tadpoles zero but

Re T 6= 0. To cancel these tadpoles from the beginning we impose e = q = 0, together with

mh = e0h̄ and aγ̄ = āγ. We then find a solution provided that we also fulfill the relations

ha

bā
> 0 ; a2 = −h0ā ; mγ = − ā(ah − bh0)

2

hh2
0

. (5.20)

As independent fluxes we can now choose ā, b, a, h and γ. For the moduli we obtain

U =

√
ha

bā
,

S =
−ib(a + iāU)2

γa2
, (5.21)

T =
(a − iāU)2

3γāU
.

To have ReS > 0 it suffices to impose hγ > 0. The flux contribution to the D3 tadpole is

then positive. We can also arrange to have all fluxes to be integers while ReT is positive

and large. However, the flux D3 tadpole will also be large.

Case 2. There is a type of solutions with free parameters β, β̄, e0, e, f̄ , g and a, with

remaining fluxes determined by

ā = 0 ; h0β̄ = 4eg ; h̄0β̄ =
f̄(4e0f̄ − 3aβ̄)

g
. (5.22)

Notice that then m = ef̄/g and q is given in table 4. There is a sign condition gf̄ < 0,

then U =
√

−g/f̄ . We further obtain

S =
β̄

2f̄U
,

T =
U

3g

[2ef̄U + i(2e0f̄ − 3aβ̄)]

(β̄U + iβ)
.

It is easy to check that Re S > 0 and ReT > 0 are positive as long as

gβ̄ < 0 ;

(
2eg + 3aβ − 2e0βf̄

β̄

)
> 0 . (5.23)
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For an illustrative example, consider the parameters

f̄ = 2 ; β = 8 ; β̄ = 8 ; g = −2 ; a = 28 ; e0 = 16 ; e = 96 . (5.24)

The moduli are then fixed as

U = 1 ; S = 2 ; T =
1

3
(7 + 31i) . (5.25)

For the flux-induced tadpoles we obtain

ND3 + 32 = 16 ; NI7 + 112 = 0 . (5.26)

The flux contribution to C8 and C̃8 tadpoles is zero.

The I7 tadpoles cancel when a = 0. Then it is simpler to show that the free parameters

can be chosen so that all other fluxes are integers while Re S and ReT are large and positive.

The sign relations among the parameters imply that the C4, C8 and C̃8 flux tadpoles are

positive. The latter two are proportional to ReT .

Similar to case 1, if we relax the condition fβ̄ = gβ we can find minima with all

7-brane tadpoles zero but Re T 6= 0.

Other solutions of the Bianchi identities can be obtained by combining the building

blocks of table 4. For example, P ·P = 0 can be fulfilled as in case 2, and Q·Q = 0 as in

case 1. Then the solution of Q·P + P ·Q = 0 can be written as (bf − gh)(hf̄ − gb̄) = 0.

Now, if hf̄ = gb̄, E3 and E4 have a common quadratic factor and it can then be shown

that the polynomial E cannot be factorized as needed. When bf = gh, to avoid ReS = 0

it must be that U is necessarily complex. In this more complicated case we have not been

able to find supersymmetric Minkowski minima.

In summary, some differences compared to the type IIB results in ref. [39] without

non-geometric nor S-dual fluxes are evident. The situation now is rather more involved

but still we have found some concrete results. For simplicity we have analyzed the case

with isotropic fluxes and moduli Ti = T , Ui = U . We find Minkowski N=1 vacua in which

not only the dilaton and complex structure fields are fixed but also the Kähler modulus

T is fixed. However, if we analyze the more general case with independent Ti, Ui fields,

generically only one linear combination of the Kähler moduli Ti is fixed. This is due to

the fact that the superpotential is only linear in the Ti and essentially only depends on a

linear combination of these moduli.

When S-dual backgrounds are switched on, the contribution from fluxes to the tadpole

of the RR C4 form can have either sign depending on the flux values. This is a surprising

result. We know that in absence of S-dual fluxes the C4 tadpole due to H3 and F3

fluxes consistent with the imaginary self-dual condition needed for supersymmetry is always

positive [38, 39]. Concerning the C8 tadpole, if only non-geometric fluxes are present, as

in a toy example with W depending only on U and T , the flux tadpole is negative (same

sign as D7-branes). However, in presence of S-dual backgrounds the flux contribution can

be positive (same sign as O7-planes), negative, or even vanish. An analogous result occurs

in AdS type IIA vacua with metric fluxes in [8]. The fact that fluxes may contribute to

tadpoles as orientifold planes may be useful for model-building as already emphasized in [8].
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The value of the real parts of the dilaton S and the size modulus T may be made large

by appropriately choosing the fluxes. This is in general required to maintain perturbative

values for the couplings and the validity of the supergravity approximation. On the other

hand, in our supersymmetric Minkowski vacua Re S and ReT cannot be made arbitrarily

large because in general they are tied to RR tadpoles induced by the fluxes. This could be

avoided in AdS vacua, as occurs in the IIA/O6 models without [7] and with metric fluxes [8].

We have not found non-trivial supersymmetric Minkowski vacua with full cancellation

of RR tadpoles, although in some cases one can find flux combinations with vanishing

contribution to some tadpoles. Although we do not have explicit examples, we assume

that localized sources of different kinds may be added to the theory rendering it tadpole

free, as it happened in the simpler examples in ref [8]. In this connection, notice that if

we want to add D3 and/or D7-branes to vacua like these, the existence of undetermined

Kähler Ti moduli may in fact be necessary, as emphasized elsewhere [8]. In particular, in

the worldvolume of generic branes (not on top of orientifold planes) live U(1) groups that

may have triangle anomalies in four dimensions. The U(1) gauge vectors become massive

through a generalized Green-Schwarz mechanism by swallowing some linear combination

of the Ti. Thus, for this mechanism to work, some Ti fields should be left unfixed by the

fluxes. This turns out to be related to the requirement of absence of Freed-Witten brane

worldvolume anomalies [8].

6. Generalized duality invariant superpotentials

In previous sections we have described fluxes present in different T-dual type II orientifolds.

The closed string sector of all these theories, before the addition of fluxes, gives rise at

low-energies to an effective N=4 supergravity theory (or N=1 if we further perform a

Z2 × Z2 twist). We would like to compare now to the results obtained from other string

constructions having an analogous low-energy structure. Specifically, we would like to

compare to the flux-induced superpotential in analogous heterotic compactifications as

well as in certain compactifications of M-theory on simple twisted 7-tori [40].

6.1 M-theory on a twisted 7-tori

We consider here the G2-holonomy manifolds X7 obtained as certain Z2×Z2×Z2 orbifolds

of the 7-torus, X7 = T7/Z2 × Z2 ×Z2 [41]. We will follow the results and notation used in

ref. [40]. One has seven complex moduli fields MI(x), I = 1, . . . , 7. They may be defined

in terms of the complexified G2-form

C3 + iΦ3 = iMI(x) φI(y) (6.1)

where φI ∈ H3(X7), C3 is the M-theory 3-form and Φ3 = Re MI(x)φI(y), with ReMI(x)

parameterizing the volume of the 7 invariant 3-cycles in X7 = T 7/Z2 × Z2 × Z2. We will

now consider the addition of metric fluxes in this toroidal model. This is a Scherk-Schwarz

reduction which proceeds in a way analogous to that described for type IIA orientifold

compactifications. In particular we replace the differentials dyP , P = 1, . . . , 7, by twisted
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forms ηP satisfying

dηP = −1

2
ωP

MNηM ∧ ηN , ωP
[MNωS

R]P = 0 (6.2)

where one also has ωP
PN = 0 [11, 12]. Among these metric fluxes ωP

MN , only twenty-

one are invariant under the twists. In addition we consider the presence of seven 4-form

backgrounds gIJKL corresponding to fluxes of the M-theory 3-form. The presence of these

two types of fluxes gives rise to a superpotential [42, 43, 40]

W7 =
1

4

∫

X7

(C + iΦ) ∧
[
g +

1

2
d(C + iΦ)

]
+

1

4

∫

X7

G7 (6.3)

Here G7 is the flux of the 3-form dual. Expanding this superpotential in terms of the seven

moduli in type IIA notation [40] one obtains:

W7 = g567891011 + i(g78910T1 + g56910T2 + g5678T3) + (6.4)

+i(g57911S − g581011U1 − g671011U2 − g68911U3)

+(ω11
910T1T2 + ω11

56T2T3 + ω11
78T1T3) − S(ω6

79T1 + ω8
95T2 + ω10

57T3)

+(ω6
810T1U1 + ω8

106T2U2 + ω10
68T3U3) − (ω5

710T1U2 + ω5
89T1U3 + ω7

105T2U1)

+(ω7
96T2U3 + ω9

58T3U1 + ω9
67T3U2)

−S(ω6
511U1 + ω8

711U2 + ω10
911U3) + ω9

1011U1U2 + ω5
611U2U3 + ω7

811U1U3

All terms in this superpotential, except for those in the last line, may be understood in

terms of ordinary RR and NS backgrounds in the type IIA orientifold supplemented by

metric fluxes. Indeed, all those terms correspond to the fluxes e0, ei, h0, hi, qi, ai, and

bij , described in section 2. The absence of a T1T2T3 term (type IIA mass parameter m) is

expected since in the M-theory scheme considered massive IIA supergravity does not arise.

The new terms appearing in the last line are interesting. The first three correspond to

the S-dual fluxes fi introduced before in order to maintain S-duality in the IIB orientifold

version of this model. Thus one has the interesting result that the fi fluxes introduced

before may be understood as certain ordinary metric fluxes

fi = ωK+1
K11 ; K = 5, 7, 9 (6.5)

in an M-theory version of the same model. Other S-dual fluxes do not appear. On the

other hand the last three terms, bilinear in the Ui (Ti) in the IIA (IIB) version, are new

and are absent even in the extended set of flux-induced superpotential terms discussed in

previous sections. This suggests that there is an even bigger set of flux degrees of freedom

to be considered. We will see now that the presence of new terms bilinear and cubic in

the Ui’s are also expected if we consider fluxes in the heterotic version of the same class of

models.

6.2 Heterotic fluxes

The type IIA orientifold with O6-planes is T-dual to the type IIB orientifold with O9-planes,

i.e. type I string theory. On the other hand we know that type I is related by S-duality to the
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SO(32) heterotic string. Therefore, it is interesting to compare the induced superpotentials

in both theories. Flux-induced heterotic superpotentials have been analyzed in [44 – 47].

It has been argued that heterotic H-flux forces the internal manifold X6 to be non-Kähler

with dJ 6= 0. Both effects produce a superpotential

Whet =

∫

X6

Ω ∧ (Hhet + dJc) (6.6)

An example of non-Kähler manifold is the twisted torus in which dJc = ωJc, where ω are

the metric fluxes.

It is interesting to evaluate Whet in the case of compactification on a factorized T6

with arbitrary metric fluxes on top. The H-flux is a generic 3-form, namely

Hhet = −e0α0 + mβ0 −
3∑

i=1

(qiαi + eiβi) . (6.7)

Our choice of parameters is dictated by the fact that by S-duality Hhet is equal to the

RR flux, given in table 1, of IIB with O9-planes, alias type I. Moreover, the heterotic

metric fluxes are the same as those as in IIB/O9 shown in table 2. This means ωhet = ω.

We also need to use that in the toroidal compactification the heterotic complex structure

moduli coincide with the geometric parameters, i.e. Ui = τi. The Kähler moduli arise from

Jc = i
∑

j Tjωj. Putting all pieces together we find

Whet = m + i
3∑

i=1

qiUi + e1U2U3 + e2U1U3 + e3U1U2 − ie0U1U2U3 (6.8)

+

3∑

i=1

Ti

[
− ih̄i +

3∑

j=1

b̄jiUj + ib1iU2U3 + ib2iU1U3 + ib3iU1U2 − hiU1U2U3

]
.

Superpotentials of this kind have been recently considered in [48]. With isotropic choice of

fluxes Whet agrees with results of [5].

Comparing with (3.17) shows that Whet matches WO9 except for the terms linear in

S that are due to non-geometric fluxes R in IIB/O9. Additional S-dependent terms in

WO9 will appear if S-dual fluxes are included (T-dual to the P). Thus, we conjecture that

analogous dilaton-dependent superpotential terms will emerge in the heterotic side from

new flux degrees of freedom Rhet and Phet.

6.3 Fluxes and SL(2, Z)7 duality invariance

We have just argued that dilaton-dependent terms in Whet would arise from heterotic

fluxes Rhet and Phet. Now, there are reasons to believe that this is not the whole story.

In particular, we know that 4-dimensional compactified heterotic strings are self-T-duality

invariant. As a consequence, the complete Kähler function, G = K + log |W|2, should be

invariant under the SL(2, Z)3 heterotic T-duality symmetries [49]. In order to be so, the

superpotential Whet should transform appropriately. It is easy to convince oneself that this
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componentsFlux
induced terms

m qi ei e0F3

U3 U2 U 1

h̄0 āi ai h0H3

SU3 SU2 SU S

h̄i b̄ij bij hiQ
TU3 TU2 TU T

f̄i ḡij gij fiP
STU3 STU2 STU ST

m′ q′i e′i e′0F ′
3

T 3U3 T 3U2 T 3U T 3

h̄′
0 ā′i a′i h′

0H′
3

ST 3U3 ST 3U2 ST 3U ST 3

h̄′
i b̄′ij b′ij h′

iQ′

T 2U3 T 2U2 T 2U T 2

f̄ ′
i ḡ′ij g′ij f ′

iP ′

ST 2U3 ST 2U2 ST 2U ST 2

Table 5: IIB/O3 fluxes and their induced terms

demands terms quadratic and cubic in the Kähler moduli Ti in Whet.
2 We already observed

in section 6.1 that such new quadratic terms seem to be present. We now see that they are

also required to help in restoring heterotic self-T-duality.

To elaborate the point, it helps to look at table 5. The upper half shows the fluxes

that we have already encountered in IIB/O3, together with the characteristic term that

they induce. Whet contains the monomials due to fluxes of type F3 and Q in the table

(upon hi ↔ h̄i, e0 ↔ m, etc.). In order to realize heterotic self T-duality new fluxes of type

F ′
3 and Q′ need to be added. Note that terms quadratic in Ti’s, already manifest in the

M-theory analysis, come from the flux h′
i. Similarly, self-T-duality of S-dependent terms,

due to H3 and P in IIB/O3, requires new fluxes H′
3 and P ′.

All these duality connections among fluxes in different dual incarnations of the same

theory suggest that the complete underlying theory is invariant under the SL(2, Z)7 trans-

formations corresponding to the seven untwisted moduli in this model. The general flux

superpotential will then be a polynomial of degree up to seven on the moduli MI =

(S, T1, T2, T3, U1, U2, U3) and at most linear on any of them. One can write this super-

potential in the form:

WFlux =

7∑

n=0

D
(n)
i1...in

Mi1 . . . Min (6.9)

2Presence of such terms has also been recently pointed out in [50].
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where the D(n) are integer coefficients associated to generalized fluxes.3 Under SL(2, Z)X
the modulus MX transforms as

MX → (kXMX − i`XMX)

(imXMX + nX)
; kXnX − `XmX = 1 ; kX , `X , mX , nX ∈ Z . (6.10)

The toroidal Kähler potential transforms like

K → K + log |imXMX + nX |2 (6.11)

and the complete Kähler function is invariant as long as the fluxes D(n) transform like

(D
(n)
ijk...,D

(n+1)
xijk...) −→ (D

(n)
ijk...,D

(n+1)
xijk...)

(
nX mX

`X kX

)
. (6.12)

The fluxes D(n) may be viewed as symmetric tensors of n indices, with all diagonal com-

ponents vanishing, thus with binomial coefficient
(7
n

)
independent components. Hence, the

total number of generalized fluxes is
∑7

n=0

(
7
n

)
= 27 = 2(h21+h11+1). They provide the

128 components of a representation (2, 2, 2, 2, 2, 2, 2) under SL(2, Z)7. As explained in the

appendix, this in turn may be embedded into the spinorial 128 of SO(7, 7; Z). One can

decompose the two Weyl spinors of fluxes accordingly to its SU(7) tensorial structure

64 = 1 ⊕ 7 ⊕ 21 ⊕ 35

64′ = 1′ ⊕ 7′ ⊕ 21′ ⊕ 35′ (6.13)

The components of each representation are then given by

Rep. Flux Components

1 e0

7′ ei h0 hi

21 qi ai bij fi h′
i

35′ m āi b̄ij gij b′ij f ′
i e′0

35 h̄0 h̄i ḡij b̄′ij g′ij e′i h′
0

21′ f̄i h̄′
i ḡ′ij q′i a′i

7 f̄ ′
i m′ ā′i

1′ h̄′
0

Note that in the M-theory setting described above, only the representations 1, 7′ and 21

appear explicitly [40].

In terms of component fluxes the full duality covariant superpotential may be written

as

WFlux = e0 − i
3∑

i=1

hiTi +
1

2

∑

l 6=m6=n

h′
lTmTn + ie′0T1T2T3 (6.14)

3General superpotentials of this type were considered previously in [5] from the point of view of gauged

N=4 supergravity.
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+

(
ih0 −

3∑

i=1

fiTi −
i

2

∑

l 6=m6=n

f ′
lTmTn − h′

0T1T2T3

)
S

+

3∑

i=1




(
− ai + i

3∑

j=1

gijTj −
1

2

∑

l 6=m6=n

g′ilTmTn + ia′iT1T2T3

)
S

+ iei −
3∑

j=1

bijTj −
i

2

∑

l 6=m6=n

b′ilTmTn − e′iT1T2T3


 Ui

+
1

2

∑

r 6=s 6=t



(

iār +

3∑

j=1

ḡrjTj +
i

2

∑

l 6=m6=n

ḡ′rlTmTn − ā′rT1T2T3

)
S

− qr + i
3∑

j=1

b̄rjTj −
1

2

∑

l 6=m6=n

b̄′rlTmTn + iq′rT1T2T3


 UsUt

+


−

(
h̄0 + i

3∑

j=1

f̄jTj −
1

2

∑

l 6=m6=n

f̄ ′
lTmTn + ih̄′

0T1T2T3

)
S

+ im +
3∑

j=1

h̄jTj +
i

2

∑

l 6=m6=n

h̄′
lTmTn − m′T1T2T3


U1U2U3

The complexity of this superpotential makes its analysis difficult, except in particular cases

like those we have discussed in previous sections. In any event it is clear that there are

many parameters which should allow for new possibilities in fixing moduli. It is important

to remark that these 128 flux degrees of freedom are not independent. We already saw

how Bianchi identities and RR tadpoles strongly restrict the possible fluxes in the simpler

case with 64 degrees of freedom. In the most general case analogous constraints should be

fulfilled. It would be interesting to have close expressions for these constraints in the more

general case.

Note that the above discussion does not imply that the effective action has full SL(2, Z)7

duality invariance. Indeed, generic fluxes break these symmetries. Rather, the above dis-

cussion shows how the presence of each particular flux explicitly breaks the duality symme-

tries. As we have seen, some of these flux degrees of freedom have a simple interpretation

as metric fluxes or explicit RR or NS backgrounds in some particular version (type IIA

or IIB orientifolds, heterotic, M-theory orbifold, . . . ) of compactified string theory. Some

other fluxes do not admit a simple geometric interpretation and yet others are implied by

type IIB S-duality and/or heterotic self-T-dualities. Yet all of the 128 fluxes may in general

be present in the complete underlying theory.

7. Final comments and conclussions

One of the main purposes of this work has been to study the duality properties of the flux

degrees of freedom in type II D=4 orientifolds, as well as in other related string vacua.

The addition of non-geometric fluxes restores T-duality between IIB and IIA theories but
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spoils type IIB S-duality. We have seen how including new S-dual degrees of freedom this

symmetry may be recovered. Once that is done, extra moduli dependent terms appear in

the effective superpotentials. Taking into account these new terms we were able to find

type IIB Minkowski N=1 vacua in which not only dilaton and complex structure but also

some Kähler moduli are fixed. In these classes of vacua we find that fluxes may contribute

to RR tadpoles with the same or opposite sign to that of D3- and D7-branes, depending

on the flux choice. This fact was already found for type IIA AdS vacua in [8] and may be

relevant also for model-building. We leave a more systematic analysis and search for other

minima for future work.

The new and old fluxes are subject to a number of Bianchi and RR tadpole cancellation

conditions. We made use of S-duality SL(2, Z) transformations to deduce the form of the

new conditions involving all these fluxes. It would be clearly interesting to derive those

conditions from other arguments independent from dualities. It would also be important to

understand the structure of branes which may be added in these generalized backgrounds

and possible constraints which they may suffer. It is known that fluxes may give rise to

anomalies in the world-volume of branes and similar effects are expected in the presence

of new generalized fluxes.

Dualities relating these theories to heterotic and M-theory compactifications suggest

the existence of yet further flux degrees of freedom, giving rise to yet more terms in the

effective superpotential. In our toroidal examples a fully SL(2, Z)7 covariant superpotential

implies the existence of 27 fluxes. The general superpotential contains all possible mono-

mials of the seven moduli which are at most linear in any of them, with integer coefficients

given by the 27 fluxes. Many points remain to be better understood. It would be important

to examine the origin and structure of the novel S-dual fluxes as well as ways to understand

the generalized constraints on fluxes. The same applies to the extra flux degrees of freedom

which might be required to get consistency with the full underlying duality symmetries.

Although we have concentrated on a particular class of toroidal orientifolds we believe

that many of the points discussed (like e.g. the explicit expressions of superpotentials in

terms of integrals of fluxes over the compact space) should have a more general validity.

What we find seems to indicate the existence of a large number of flux degrees of freedom

(2(1+h21+h11) in our examples) giving rise to a very rich superpotential in which most or

perhaps all moduli might be fixed.
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A. Spinorial embedding of background fluxes

We have seen in section 6 how the generalized duality invariant superpotential presents a

SL(2, Z)7 symmetry. In this appendix we describe in detail how the fluxes are arranged

into this structure and their embedding into the spinorial representation of SO(7, 7; Z).

Each of the seven SL(2, Z)X factors consists of two generators

SX,1 =

(
1 1

0 1

)
; SX,2 =

(
0 −1

1 0

)
(A.1)

acting on the modulus MX . From equation (6.10) one can see that SX,1 corresponds to

shifts on the corresponding axion and SX,2 to M-duality MX → 1/MX .

The set of fluxes, denoted G, contains 128 weights of the form (±,±,±,±,±,±,±),

where ± stands for ±1
2 . The transformation MX → 1/MX is simply given by

SX,2(n1, . . . , nX , . . . , n7) = Sign(nX)(n1, . . . ,−nX , . . . , n7) . (A.2)

Thus, eq. (6.14) transforms in such a way that the full supergravity scalar potential is

invariant under the SX,2 generators. The resulting map between weights and flux com-

ponents is presented in table 6. We see, for instance, that F3 fluxes (table 1) correspond

to (+,+,+,+,±,±,±) while H3 fluxes (table 3) are represented by (−,+,+,+,±,±,±)

spinorial weights.

From table 6 we can easily read the action of the duality group in the different fluxes.

Notice also that the duality transformations can be easily obtained by expressing the

SL(2, Z) generators in terms of lowering and raising operators. Namely, SX,2 = SX,+−SX,−

and SX,1 = I + SX,−. Thus, for instance, S1,2F3 = −H3, corresponds to the S-duality

transformation (4.4).

It is interesting to note how half of the degrees of freedom of each of the two Weyl

spinors on which G = 64 ⊕ 64′ can be decomposed correspond to RR fluxes, whereas the

other half are generalized NS fluxes. Of these, half are heterotic and half are ordinary

fluxes, thus giving a very symmetric structure.

One can proceed analogously with the set of moduli T. In this case they transform as

a vectorial 7 of SL(2, Z)7, as shown in table 7. Let us define

eiT ≡ 1 + iT − T ⊗ T + · · · . (A.3)

In this language, the superpotential (6.14) then takes the very compact form

W = G ⊗ eiT|(+,+,+,+,+,+,+) , (A.4)

which is reminiscent of the typical expressions for flux induced superpotentials.

Moreover, the Bianchi identities now correspond to constraints in the components of

the bispinor of fluxes

G ⊗ G = G · G ⊕ GΓI1G ⊕ . . . ⊕ GΓI1I2I3I4I5I6I7G , (A.5)

where ΓI1...In ≡ Γ[I1 · . . . ·ΓIn] and ΓI are the complexified gamma matrices of the relevant

Clifford algebra, and Ia = 1, 1̄, . . . , 7, 7̄.
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Flux parameter Weight Flux parameter Weight

h̄′
0 (−,−,−,−,−,−,−) e0 (+,+,+,+,+,+,+)

h0 (−,+,+,+,+,+,+) m′ (+,−,−,−,−,−,−)

−hi (+,

i︷ ︸︸ ︷
−,+,+,+,+,+) −f̄ ′

i (−,

i︷ ︸︸ ︷
+,−,−,−,−,−)

ej (+,+,+,+,

j︷ ︸︸ ︷
−,+,+) ā′j (−,−,−,−,

j︷ ︸︸ ︷
+,−,−)

h̄′
i (+,

i︷ ︸︸ ︷
+,−,−,−,−,−) fi (−,

i︷ ︸︸ ︷
−,+,+,+,+,+)

q′j (+,−,−,−,

j︷ ︸︸ ︷
+,−,−) aj (−,+,+,+,

j︷ ︸︸ ︷
−,+,+)

ḡ′ji (−,

i︷ ︸︸ ︷
+,−,−,

j︷ ︸︸ ︷
+,−,−) bji (+,

i︷ ︸︸ ︷
−,+,+,

j︷ ︸︸ ︷
−,+,+)

a′j (−,−,−,−,

j︷ ︸︸ ︷
−,+,+) qj (+,+,+,+,

j︷ ︸︸ ︷
+,−,−)

−gji (−,

i︷ ︸︸ ︷
−,+,+,

j︷ ︸︸ ︷
−,+,+) −b̄′ji (+,

i︷ ︸︸ ︷
+,−,−,

j︷ ︸︸ ︷
+,−,−)

−āj (−,+,+,+,

j︷ ︸︸ ︷
+,−,−) −e′j (+,−,−,−,

j︷ ︸︸ ︷
−,+,+)

−b̄ji (+,

i︷ ︸︸ ︷
−,+,+,

j︷ ︸︸ ︷
+,−,−) −g′ji (−,

i︷ ︸︸ ︷
+,−,−,

j︷ ︸︸ ︷
−,+,+)

−m (+,+,+,+,−,−,−) −h′
0 (−,−,−,−,+,+,+)

b′ji (+,

i︷ ︸︸ ︷
+,−,−,

j︷ ︸︸ ︷
−,+,+) ḡji (−,

i︷ ︸︸ ︷
−,+,+,

j︷ ︸︸ ︷
+,−,−)

f ′
i (−,

i︷ ︸︸ ︷
+,−,−,+,+,+) h̄i (+,

i︷ ︸︸ ︷
−,+,+,−,−,−)

−e′0 (+,−,−,−,+,+,+) −h̄0 (−,+,+,+,−,−,−)

−f̄i (−,

i︷ ︸︸ ︷
−,+,+,−,−,−) −h′

i (+,

i︷ ︸︸ ︷
+,−,−,+,+,+)

Table 6: Spinorial embedding of the background fluxes. The weights in each column correspond

to one of the two Weyl spinors on which the set of fluxes G can be decomposed.

Moduli Weight

S (1, 0, 0, 0, 0, 0, 0)

Ti (0,

i︷ ︸︸ ︷
1, 0, 0, 0, 0, 0)

Ui (0, 0, 0, 0,

i︷ ︸︸ ︷
1, 0, 0)

Table 7: Embedding of the moduli in a 7 of SL(2, Z)7.
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