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1. Introduction

Fluxes of antisymmetric fields in string compactifications have been studied intensively in

the last few years [[J. One of the most interesting aspects of the presence of these fluxes

is that they may generate superpotential couplings for the compactification moduli [g].

These superpotentials, perhaps supplemented by other dynamical effects like gaugino con-

densation, may lead to a full determination of all moduli, solving an outstanding problem

in string theory.



Type IIA orientifolds with fluxes were rather neglected in the past but are starting
to receive more attention [J—[l0). In ITA compactifications it is possible to switch on
backgrounds of even RR and odd NS forms. This in turn implies the important result that
ITA flux-induced superpotentials depend on all geometrical moduli as well as on the dilaton.
In particular, it has been shown that in simple toroidal orientifolds one can stabilize all
closed string moduli in AdS space without considering extra non-perturbative (e.g. gaugino
condensation) effects ([, [}, §]. Moreover, in type IIA it is natural to incorporate metric
fluxes [E, E] that correspond to generalized Scherk-Schwarz reductions f]. In presence
of metric backgrounds, the flux contribution to RR tadpoles can have either sign or even
vanish, opening interesting possibilities for model-building [§].

A logical question is whether type IIB flux-induced superpotentials can also depend
on all moduli. In fact, it has been recently shown [[d] that in order to recover T-duality
invariance between the type IIA and type IIB versions of the same compactification in
the presence of RR, NS and metric backgrounds, new ‘non-geometric’ fluxes have to be
introduced. Once this is done the superpotentials on the type IIA and type IIB sides
adequately match. Such non-geometric fluxes had already been, and continue to be, studied
by several authors [[q-B4, [, P§-B7]. In this paper we generalize the work of [[[f] to
orientifolds with several diagonal geometrical moduli. We will give explicit expressions for
the superpotential and tadpoles in terms of integrals involving the flux tensors.

As pointed out in [[Id], there is still a puzzle. We know that the type IIB theory has
an S-duality symmetry built in. This symmetry is inherited by the effective potential of
type IIB orientifold compactifications in the presence of standard RR and NS backgrounds.
However the symmetry disappears if we introduce the new non-geometric fluxes. In the
present paper we argue that in order to recover S-duality in the underlying orientifold
theory one has to introduce an extra set of ‘S-dual’ fluxes. These S-dual fluxes give rise
to new terms in the effective superpotential and do also contribute to RR tadpoles and
Bianchi conditions. In order to study the structure of tadpoles and Bianchi identities we
make use of SL(2,Z)g transformations. Whereas the ‘3-brane’ RR tadpole is S-duality
invariant, ‘7-brane’ tadpoles come in a SL(2,Z)g triplet and couple to a triplet of 8-forms
in agreement with results in [B§ -B1]. On the other hand, S-duality transformations on
Bianchi identities give rise to new constraints. The extra flux degrees of freedom still
respect T-duality among type ITA and type IIB so that the effective action is both S-
duality and T-duality invariant. We describe all these fluxes in the context of a simple
T6/(Q(—1)Fr I5) type IIB orientifold (T®/(2(—1)¥% I3) in type ITA) and concentrate on the
dynamics of the seven diagonal moduli. The additional S-dual terms in the superpotential
allow us to obtain new classes of N'=1 Minkowski vacua in which not only dilaton and
complex moduli but also Kéhler moduli are fixed. As it happened in the AdS type IIA
vacua in ref. [§], the contribution of fluxes to RR tadpoles may have the same or opposite
sign to that of D-branes.

We also argue that comparison with related compactifications leading to similar models
(based on M-theory compactified on X7 = T7/Zy x Zy X Zo and heterotic on twisted tori)
points at the existence of further flux degrees of freedom beyond those mentioned above.
In particular, the combination of type I-heterotic duality with heterotic self T-duality



suggests that the full underlying duality symmetry in these toroidal examples includes
SL(2,Z)" = SL(2,Z)s x SL(2,Z)}, x SL(2, Z)3.. Full duality invariance requires the presence
of up to 27 fluxes.

The structure of this paper is as follows. In the next section we define the geome-
try of our orientifold examples and describe the fluxes, superpotential, RR tadpoles and
Bianchi conditions for both the type ITA and its T-dual type IIB version. In section 3
we generalize the setting and describe in detail how T-duality requires the introduction of
non-geometric fluxes and give explicit formulae for the superpotential in this generalized
case. The modifications of RR tadpole conditions as well as Bianchi identities are discussed
for the three T-dual settings of type IIB with O3-planes, type IIA with O6-planes, and
type I1IB with O9-planes. We also briefly describe some general properties of minima of the
scalar potential induced by fluxes. In section 4 we describe how the S-duality underlying
type IIB theory requires the introduction of novel ‘S-dual’ flux degrees of freedom giving
rise to new terms in the superpotential. In order to study the structure of tadpoles and
Bianchi identities we make use of SL(2,Z)g transformations and provide particular solu-
tions of the constraints. We report on section 5 on a search for /=1 Minkowski minima
of the flux-induced scalar potential showing several examples. In section 6 we compare
the type II results with those coming from compactifying M-theory and heterotic strings
on twisted tori. We also discuss the generalization to SL(2,7Z)" invariant superpotentials
in which fluxes fill an spinorial representation as described in the appendix. Some final
comments are left for section 7.

2. Orientifolds with NS, RR and geometric fluxes

Before addressing the issue of non-geometric fluxes as well as the new fluxes implied by
S-duality, we review in this section the basic features of the toroidal orientifolds under
consideration. We start by describing the moduli and fluxes of a type ITA orientifold on
T6/[Qp(—1)f254]. In this case the orientifold symmetry allows to include metric fluxes.
We then move to the T-dual IIB orientifold on T6/[Qp(—1)f2opg]. For both cases we
give the expressions for the flux-induced moduli superpotential as well as Bianchi and RR
tadpole cancellation conditions.

2.1 Notation

Let us first fix our notation for the geometric moduli on the tori. We focus on compact-
ifications on a factorized torus T6 = ®§’:1T?. As basis of closed 3-forms with one leg on

each sub-torus we take

ap = dz' Ada? A da? Bo = dy' A dy® A dy?,
a1 = dzt Ady? A dyB; B = dy' Ada?® Ada?, (2.1)
ap = dy' Ada? Ady?; B = dzt A dy? A da?
as = dy* Ady? Ada?; B3 = dz' Adx? Ady?,



where y* = z'T3. Our normalization is fTﬁ ar A By = dr5. The closed 2-forms and their
dual 4-forms are
w; = —dz® A dy’; i =de? Ndy? NdxF AdyFs i £ Ak (2.2)
Notice that [psw; A @; = 6;;. Each sub-torus T? has area (2m)%A4; and the geometric
complex structure parameters are given by
1 .
7= = (Aj +ieje - ejy) (2.3)
€5y

where e, and e, are the lattice vectors of sizes R} and RZ. The Kahler form is

3
i=1

As usual the holomorphic 3-form can be written as
Q = (dz! +ir dy') A (do? + iy dy®) A (da® +iT3 dy®) . (2.5)
Clearly, 2 can be expanded in the basis of 3-forms.

2.2 IIA orientifold with O6-planes

Consider the ITA orientifold on T®/[Qp(—1)fT54], where Qp is the world-sheet parity
operator and (—1)fT is the space-time fermionic number for left-movers. The involution
o4 acts on the Kéhler form and the holomorphic 3-form as g4(J) = —J and 04(2) = Q*.
In terms of the coordinates this is o 4(z) = 2 and o4 (y’) = —y’. These imply O6-planes
that span space-time and the z' directions. Each sub-torus has now a square lattice,
consistent with the involution. Thus, 7; = RZ / R} and Aj = R;Rg.

We concentrate our analysis on the seven diagonal moduli of this IIA orientifold, the
dilaton S, three Kéhler moduli 7} and three complex structure moduli U;. As shown in [
they can be concisely described in terms of the complexified forms

3
Jo=B+iJ=i) Tuw,

i=1
3
Qe = C3+iRe (CQ) = iSag —i »_ Ujoy; . (2.6)
i=1
Here B is the NS 2-form whereas C5 is the RR 3-form that is even under o4 and can
therefore be expanded in the ay. The compensator field C is specified by

C = e P1efes/2, K. = —log [—l/ QA Q*} , (2.7)
8 Jre
where ¢4 is the T-duality invariant four-dimensional dilaton given by e®* = e?/v/vol TS,
Clearly, Re T; = R, R}, and from (2. we readily find
= 1p2p3. e i pj Dk . . .
ReS=e¢ ’RIRRS:  ReU;=¢ *RLRIRE: i#j#k. (2.8)

We are measuring all lengths in units of vo'.



The Kahler potential for the moduli takes the usual form

3 3
K =—log(S+5%) = log(U; + U7) = > log(T; + T7) . (2.9)
i=1 i=1

A superpotential is generated by turning on fluxes as we discuss next.
Under the orientifold involution the NS Hj is odd, the RR forms Fjy and Fj are even
while F» and Fg are odd. Thus the general fluxes allowed are

3
Hs =Y hifr; (2.10)
L=0

3 3
FO = —m; 72 = quwl7 F4 = Ze@z, FG = €0 A ﬁO . (211)
i=1 =1

The coefficients in these expansions are integers since the integrals of the fluxes over the
corresponding p-cycles are quantized. To avoid subtleties with exotic orientifold planes we
take the flux integers to be even. As in [§] we take all forms to have dimensions (length)~?
so that moduli fields are all dimensionless.

The orientifold involution also allows for metric fluxes that are deformations of the
original manifold. Such backgrounds appear naturally in the context of Scherk-Schwarz
reductions [lI]. They are equivalent [13-[1J] to compactification on a twisted torus de-
fined by

1
an:_iwﬁNnMAnN; M,N,P=1,...,6, (2.12)

where nf are the tangent 1-forms. The metric fluxes are the constant coefficients wﬁ[ N
antisymmetric in the lower indices. In general, the twisted torus has isometries with gen-
erators Zy;. The wﬁ[ n turn out to be the structure constants of the Lie algebra generated
by the Zy, i.e.

[Zar, Zn) = whinZp (2.13)

Either from the Jacobi identity of the algebra or from the Bianchi identity of (R.12) one
finds that the metric fluxes must satisfy

whynwip =0 (2.14)

It can further be shown that wh, = 0 [[1]. The metric fluxes must be quantized by
consistency of the twisted torus structure [BJ].

An useful result in the following is that we can contract the metric fluxes with a p-form
X to obtain a (p + 1)-form wX with components

(WX)LMNy Ny y = Wi ar XNy Ny 1] A - (2.15)

Actually, for a constant form, wX’ is basically dX computed in the twisted torus.
The metric fluxes are even under the orientifold involution. Then they can be of type
wgb, W;m wh,i=1,2,3, a=4,5,6. As in the case of RR and NS fluxes, we only switch on



metric fluxes with one leg on each sub-torus. Thus, there are twelve free parameters for
which we use the notation

1 1.4 4
wie a —w33 Wiz Wig b11 bi2 b13
2 | = . 5 92 5 | _
We4q = a9 5 W3—wW31 Wgy == b21 b22 b23 . (216)
3 6 6 _ 3
wie as Way WiE—Wiy b31 b3z b33

The Jacobi identities imply the twelve constraints

b,‘ja]’ + bjjai =0; 1#£ ]
bikbr; + brrbij = 0 iEJ]Fk. (2.17)

Finally, the NS flux must satisfy the Bianchi identity [LJ, f]
wH3 =0, (2.18)

with the contraction defined in (R.15). This constraint is satisfied automatically by the
particular fluxes (B.10) and (2.14).

The superpotential induced by the fluxes can be obtained by performing the explicit
Kaluza-Klein reduction [[, [fl. The RR fluxes generate a superpotential only for the Kahler
moduli, namely

Wk :/ e’ NFrr, (2.19)
T6

where FRrp represents a formal sum of the even RR fluxes. NS and metric fluxes give a
superpotential for the dilaton and complex structure moduli that can be cast as

Wo :/ QA (Hz +wl.) . (2.20)
T6

Recall that w.J. is a 3-form as defined in (R.15). Using previous results it is easy to compute
Wg. Combining with Wi yields the full superpotential

3
W = eg + ihoS + Z ie; —a;S — by U; — ZbUU] T; —ih;U;
=1 £
12T — ¢ T3 — g3 ThTo + imTV I T (2.21)

This result was first presented in [ff] and analyzed in detail in [§].
The fluxes also induce RR tadpoles. In this ITA orientifold there are C7 tadpoles. In
fact, the ten-dimensional action has a piece

/ [C7 A (mHs + wF)] + Y N, / Cr . (2.22)
My xT6 a MyxIl,

The second term takes into account the coupling to O6-planes and stacks of D6-branes
wrapping factorizable 3-cycles

o = (ng,mg) ® (ng, mg) @ (ng,my) , (2.23)

a’ a



and the corresponding orientifold images wrapping ®;(n’, —m’). Here ni (ml) are the
wrapping numbers along the x? (y?) torus directions. The O6-planes wrap ®;(1,0). From
the component of C7 along x!, 2% and z3 we obtain

Z Nanln2n3 + - (mho + a1q1 + a2q2 + asqs) = 16 . (2.24)
From other components of C7 there are further cancellation conditions

1
Z Nongmam, + §(mh1 — q1b11 — gaba1 — q3b31) = 0,

a

1

Z Namgnimi + §(mh2 — q1bi2 — q2bao — q3b32) = 0, (2.25)
1

ZN mymang + 2(mh3 — q1b13 — qabaz — q3b33) = 0 .

In a Zy X Zy set-up there are other O6-planes that contribute -16 to the right hand side [B3,

B4).

2.3 1IB orientifold with O3-planes

We now discuss the IIB orientifold on T¢/[Qp(—1)fE0p], with involution acting on the
Kahler form and the holomorphic 3-form as op(J) = J and op(Q2) = —Q. In terms of
the coordinates this is op(z') = —2° and og(y’) = —y*. Thus, there are O3-planes that
span space-time. Upon T-duality along x!, 22 and x3, we recover the IIA orientifold with
O6-branes of the previous section.

We have again seven diagonal closed moduli, the dilaton, three Kahler moduli and
three complex structure moduli. We denote them as S, T; and Uj;, even though they have
different realizations in terms of the ten-dimensional degrees of freedom. In fact, the IIB
and ITA moduli are related by T-duality as T; < U;, whereas S is invariant. The IIB
complex structure fields are given directly by the toroidal complex structures, i.e. U; = ;.
The complex dilaton is instead

S=e?4+iCy, (2.26)
where Cj is the R-R 0-form. The Kéhler moduli can be extracted from the complexified
4-form

; 3
Jo=Cy+ 5e*(bJ AJ = ZZ; T,&; (2.27)
1=

where Cy is the RR 4-form. The Kéahler potential for the moduli has the same expres-
sion (2.9). The flux generated superpotential will be presented shortly.
The RR 3-form flux is odd under the orientifold involution. The most general flux can

then be written as

3
?3 = —mogy — eoﬂo + Z(eiai - %B@) . (2'28)
i=1



[IB/O3 IIA/O6 IIB/O9 flux
Fias Fo —Fis56  —m
Fazs Fi4 Fise —q1
Fis3 Fas Fis  —q2
Fiz6 Fsg Fis3  —q3
Fis6 Fosse  —Flios e1
Faze Fiaze —Fiss €2
Fas3 Filaos  —Fig es
Fase  Fussss  Fus  —eo

Table 1: RR IIB/03 fluxes and their T-duals.

Observe that the flux coefficients are the same that appear in the RR IIA fluxes, c.f. (2.11).
This is in agreement with T-duality. For the RR field strengths the Buscher rule states [B5,
34
T
FMNI"'Np <ﬂ>FNl...NP s (2.29)

where Ty is T-duality in the M direction. Then, performing T-dualities in 2!, 22, 23,

in that order, on F3 we obtain the ITA fluxes given in (R.11)). Additional T-dualities in
x*, 2%, 25, give the fluxes in the IIB orientifold on T%/Qp that has O9-planes. These results
are summarized in table [I.

The NS 3-form flux is also odd under the orientifold involution. We thus have the

general expansion

3 3
Ha = hoBo — Y _ aici + hooog — > @if3; . (2.30)
i=1 i=1
For NS fluxes we can apply Buscher rules BJ to T-dualize when Hs arises from a 2-
form independent of the dualized coordinates. In this case it is known that NS fluxes can
transform into metric fluxes [B7, [[d]. As reviewed in [§], starting with Hs = hoBo — >, @i
and performing T-dualities in 2!, 22, 23, leads to the ITA fluxes

o . 1 _ . 2 _ . 3 _
H3 = hoﬂo, w56 = ai; w64 = ag; w45 = as . (231)

If H3 ~ «p, the 2-form would depend on one the 2. If Hz ~ (3, one can still apply
Buscher rules but they lead to more complicated geometries [Ig]. In [[L it was proposed
that T-duality of the most general NS flux will lead to metric as well as to non-geometric
fluxes. This will be the subject of next section.

In the IIB orientifold at hand there cannot be metric fluxes because the orientifold
involution does not allow any even parameters wt .

The NS and RR 3-form fluxes induce the well-known superpotential [g]

W= [ (Fs—iSH3)AQ. (2.32)
T6



Substituting the fluxes we obtain
3
W =eg+iY_ eli — UsUs — U1 Us — qsU1 Us + imUy UsUs
i=1

3
+S|ihy — Z a;U; + 1a1UsUs + 1asU1Us + 1asU Uy — BOU1U2U3 . (2.33)
i=1

To go to type ITA we just exchange U; «» T;. Comparing with (R.21]) clearly shows that
the two superpotentials do not match. This hints at missing fluxes both in ITA and IIB. In
the next section we will see that after including the non-geometric fluxes proposed in [[L§]
the two superpotentials will be exact T-duals.

In this orientifold there is a C tadpole induced by the fluxes. We know that it arises

Q

from the action term [Bg

/ Cy N ﬂgg A ?3 . (2.34)
]\44><T6

There are also contributions from O3-planes and a stack of Np3 D3-branes. Substituting
the fluxes and including the sources we obtain the tadpole cancellation condition

1 _
Nps + 2 mhg — egho + Z(Qiai + €ia;) | =16 . (2.35)

(2

Upon T-duality this agrees with the C7 tadpole (2.24)). We also expect Cg tadpoles to
match (R.2§) but they cannot be induced by RR and NS fluxes alone, clearly some terms
are missing. This is another indication that non-geometric fluxes are required by T-duality.

3. T-duality and non-geometric fluxes

There are two types of non-geometric fluxes introduced in [[Lg], the tensors %IN and

RMNP that are completely antisymmetric in the upper indices. The Q’s are odd under the
orientifold involution, while the R’s are even. Recall that H ;np is odd and w%P is even.
Now, the crucial property is that all these fluxes are related by T-duality according to the

chain

o7 Ty M Tn MmN TP MNP

We have introduced some extra signs in order to agree with the conventions used in [g].
For example, we have seen that His6 = —a; transforms under T;-duality into w51)6 =aj.

In IIB with O3-planes there are neither metric fluxes nor non-geometric fluxes of type
R because there are no such tensors even under the orientifold involution. There are only
odd non-geometric fluxes, denoted Qﬁ‘éf N that comprise twenty-four free parameters taking
each index in a different sub-torus. There are also odd NS fluxes H.

In ITA with O6-planes there are non-geometric fluxes @ and R, as well as NS H and
metric fluxes w. It is also interesting to consider IIB with O9-planes in which the orientifold

involution is the identity. In this case there can only be even fluxes denoted w and R.



IIB/0O3 ITA/O6 IIB/0O9 flux
23 H31 12 7. T 4 5 6
<Q4 Qs QG> - <H423 Hqs3 H126> @ng w3 w12> - <h1 ho h?)
2 4 42 1,4 4 1
_Ql3 Qg s —Wa3 Ws3 Wag —Was3 w§4 %?2 bi1 b12 bis
5331 AH15 5 2 5 4 2 6
9’9y Y Wgy—W31 Wei Wr53—W3; Wis ba1 ba2 ba3
26 6l 12 6 6 3 4 5 3
Q1 95-093 Wi Wis—Wig Wog Wg1—Wio b31 b3z bss
4 4 1 496 4 1.2 T 7T
rostef) W R RS Lhehel) (R
56 A6l 15 56 26 )53 4 2 3 77T
-3 Q3 Qs -Qy Q7 Q7 —W5g Wi Wis bi1 bi2 bi3
26 64 42 61 64 34 1 5 3 7 7T
97°—95" Q3 9 — U5 2 Wog—Wgy Wyo ba1 boa bas
53 134 45 15 42 45 1 2 6 7 7T
Q" Q=Yg Q3% Q53— Wi W3y —Wys bs1 b3z b33

Table 2: Non-geometric IIB/O3 fluxes and their T-duals.

Using the rule (B.]]) and starting with the NS and metric fluxes in the ITA side we can
perform a chain of T, T and T3 dualities, i.e. mirror symmetry, to obtain the correspond-
ing fluxes in IIB. For example, under mirror symmetry, ﬁijc — —Q¥ , w;. E Q{ k, and so
on. The results are summarized in table fl. Notice that the indices are ordered cyclically
according to the sub-torus to which they belong. The IIB/0O9 fluxes are obtained from
IIB/0O3 by performing six T-dualities, T1,...,Tg, or obviously from ITA/O6 by applying
only T4, T57 T6.

So far we have accounted for twelve non-geometric IIB/O3 fluxes, those related to
the ITA/O6 backgrounds h; (NS) and b;; (metric). The IIB/O3 orientifold projection still
allows another twelve components for Q, denoted h; and l_)l-j as shown in table . Applying
T-dualities we then obtain the corresponding fluxes in IIA/O6 and IIB/O9. These results
are also displayed in table [.

Finally, applying T-duality to the IIB/O3 NS fluxes reveals some non-geometric fluxes
in ITA/O6 and IIB/O9. For example, acting with the chain of T, Ty and T3 dualities
gives Hioz — R'?3, Hyoz — —Q?ﬁ, etc. .. We have already seen that the ;. are T-dual to
ITA metric fluxes. These results are collected in table fJ. We now have a complete explicit
dictionary to translate from one orientifold to another.

The next task is to determine the superpotential and tadpoles induced by the non-
geometric fluxes. In sections B.] and B.3 we consider type IIB with O3-planes and type IIA
with O6-planes to some extent. We will give explicit expressions for the superpotentials
as integrals involving the flux tensors and the complexified forms that encode the moduli.
Tadpoles of RR C), forms are written in terms of the flux combinations that couple to
them. The IIB orientifold with O9-planes will be briefly surveyed. The NS, metric and non-
geometric fluxes are expected to satisfy Bianchi identities that generalize (P.14) and (B.1§).
This type of constraints will be derived in section B.4.

With the T-dual superpotential available, the next step is to analyze the moduli po-
tential. In section B.§ we will discuss some classes of vacua and compare with previous

results.

,10,



IB/O3 1IA/O6 1IB/O9 flux
1o R123 R!23 ho
Haos -QF R —a
Hiss -Q3! R —ay
Hize —Q¢ R0 —ay
His6 —wie RY g
Haze —wi, R _qy
Hass —wis R _qy
Hase Hys R ho

Table 3: NS IIB/03 fluxes and their T-duals.

3.1 T-dual superpotential and tadpoles in IIB with O3-planes

We want to determine the superpotential and tadpoles induced by the Q fluxes. An useful
result is that we can contract a p-form X with Q to obtain a (p — 1)-form QX with

components
I aB
(QX)Lny - My_y = §Q[L X0ty M) AB - (3.2)

This is analogous to the contraction with w defined in (R.17).

Observing the ITA result (R.21) it is clear that the Q fluxes must induce new terms
linear in the 7T; and up to cubic order in the U;. Such terms can be generated by adding to
W a piece [ QJ. A, where J. is the 4-form that encodes the Kihler moduli, c.f. (2.27),
and Q7. is a 3-form according to (B.J). The complete IIB superpotential is then

W= / (Fs—iSHz + QJ) AQ . (3.3)
T6

Substituting the fluxes yields

3
W =eo+iY eli — uUsUs — U1 Us — qsUr Us + imUyUsUs
i—1
3
+S |ihg — Z a;U; +1a1UsU3 + 1asU 1 Us + 1asU Uy — BOUlUQUg (3.4)
i—1

3 3 ) ) ) )

+ Z T; | —ih; — Z Ujbji + iUaUsby; + iU1Usbg; + iU Uzbs; + U1U2Ush;
i—1 =1

The O-induced terms are in the last row.
The general superpotential agrees with the proposal of [If] if we assume a symmetry
under exchange of the three sub-tori. This amounts to setting T; = T and U; = U together
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with the choice of fluxes
e=e;  qi=q; a=a; @G=a; hi=h; hi=h;
bij =0 (i # j); bii = 3; bij =b (i #j); bii = . (3.5)
We have also taken b;; = bj; and Bij = Bji. The superpotential then reduces to

W = eg + 3ieU — 3qU? + imU?
+S[ihg — 3aU + 3iaU? — hoU?] (3.6)
+3T[—ih — (2b+ B)U +i(2b + B)U? + hU?] .

The fluxes that enter in the superpotential must satisfy some tadpole cancellation condi-
tions and Bianchi constraints that will be examined in the next sections.

In this orientifold there is a Cy tadpole already discussed in section R.3. We also expect
Cg tadpoles that can receive contributions from D7-branes and O7-planes. The flux piece
must be a 2-form suitable to wedge with Cg. A natural candidate is QF3, where the 2-form
is computed according to (@) The proposal for the Cyg tadpole is just

- /M o Cs N Q?g . (3.7)
4 X

The minus sign in front is needed to match the known ITA results when only NS and metric
fluxes are present. There are three different tadpoles according to the components of Cg
that can couple to D7;-branes. As usual, a D7;-brane is transverse to T7 while wrapping
T? and T%, i # j # k. For example, the flux contribution to the D7; tadpole comes from

(QF3)14 = —mhy + eghy + Z(Qibil + eibin) - (3.8)

Taking into account a number Npz, of D7;-branes, and the flux tadpoles arising from (B.7),
gives the cancellation conditions

1 - —
—Np7, + 5 mh; — egh; — Z(quji + ejbji) =0. (39)

J

We have not included O7-planes, absent in a setup without Zs X Zs orbifolding. A new
interesting feature is the dependence of the tadpoles on all RR fluxes.

3.2 T-dual superpotential and tadpoles in ITA with O6-planes

In this case there are non-geometric @ and R fluxes. As in (B.J), we can contract @ with
a p-form X to obtain a (p — 1)-form QX. Analogously, contracting with R we obtain a
(p — 3)-form with components

1
(RX) oM, s = ERABCX[MI---MP_S]ABC . (3.10)

For example, the 3-form RFg contributes to C7 tadpoles.
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The @ and R fluxes are expected to induce superpotential terms quadratic and cubic
in the ITA Kéahler moduli. There are appropriate 2 and 3-forms that encode the required

combination of the T;, namely
J? = %Jc AJe=—ToyTsen — Ty T30y — Ty T s
JB = %Jc AJeNJ, = =Ty TyTs 00 A By - (3.11)
Then, the ITA superpotential T-dual to (B.J) can be written as
W= [eJc AFrp + Qo A (Hs +wlo + QI + RJ§3>)] . (3.12)
Substituting the fluxes precisely reproduces (B.4) upon exchanging T; « U;.

The idea behind the general formula for W is to wedge €2, with all available 3-forms.
An analogous reasoning suggests that the C7 tadpoles due to all fluxes follow from

/ Cr A (—Fg?g + WFQ — QF4 + RFG) . (3.13)
]\44><T6

The signs have been chosen to match results in type IIB. Including tadpoles due to O6-
planes and stacks of intersecting D6-branes leads to the general cancellation conditions

mho — eoho + Y _(qiai + e;a;) | = 16,
5

1
Z NonlnZn3 + 3
a

1

; Nan}lmgmz + B mhy — eoiLl — ;(qibﬂ + eJ)ﬂ) =0,
. - i ]
Z Nam}lngmz + 5 mho — ephg — Z(QibiQ + eibig) =0, (3.14)

L i .

a

1 _ _

> NomgmZni + 5 |mhs — eohs — > (gibiz + eibis)| = 0.
a

i

These agree with (2.35) and (B.9).

3.3 T-dual superpotential and tadpoles in IIB with O9-planes

In this case the orientifold action is only 2p. Since the orientifold involution is the identity
only even fluxes are allowed. There are eight RR Fpn, twenty-four metric wb N and
eight non-geometric R“MY . The components are displayed in tables [i], | and fJ.

The superpotential can be derived from IIB/O3 results by implementing T-dualities
in each of the six internal coordinates. The moduli then transform as S < S, T; « T;, but
U; < 1/U;. The Kéhler potential transforms as

K — K +log |U UsUs|* . (3.15)

Invariance of the Kéhler function, G = K + log |W|?, then requires
14
- UhUUs

Woog (3.16)
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where we have chosen a convenient phase. Therefore, in terms of IIB/0O9 moduli,

3
Woo =m+1i»_ Ui+ erlaUs + exU1Us + esU1 Uy — iegUrUaUs

i=1

3
iho + ZC_LZU@' + ia1U2U3 + iaaU U3z + iazUUs + hoUUaUs

45 (3.17)
i—1
3 ) 3
+ ZTz —ih; + Z bj;Uj + 1b1;UaU3 + ibo; U1 U3 + ib3; U Uz — h; U1 U2U3
=1 =1

In absence of metric w and non-geometric R fluxes Wpg depends only on the complex
structure moduli. Linear terms in 7T; and S are induced by w and R respectively.

Now there are O9-planes and we can add D9-branes. We then anticipate that fluxes
contribute to a C1g tadpole. Indeed, there is a candidate tadpole term

/M o Cio N RF3, (3.18)
4 X

where RF3 is a O-form according to (B.1(]). Substituting the fluxes and including sources
gives

1
Npo + 3 — 16 . (3.19)

mho — eoho + > _(qii + €,0;)
i

To match the IIB/O3 results there must also be Cg tadpoles. With the available fluxes we
can indeed have a term
/ Cs NwF3, (3.20)
M4 XTG

where wFj is a 4-form according to (R.15). We can also add D5;-branes that wrap T?. We
then find cancellation conditions

1
Nps. + —
D51+2

mh; — eoh; — Z(q]‘bji + ejbji)] =0. (3.21)

J
We have not included O5-planes.

3.4 Constraints on NS, metric and non-geometric fluxes

We saw in section 2 that the geometric fluxes w%P are subject to the Bianchi identities in
eq. (R.14). To find the analogous constraints for non-geometric fluxes we will follow the
approach of [[lf], see also [Rf]. The strategy is to extend the algebra of isometry generators
Zu to include generators XM, M =1,...,6. The XM are associated to gauge symmetries
arising from reduction of the B-field on T® with fluxes (2. The extended algebra has the
NS, metric and non-geometric fluxes as structure constants. The most general algebra is
then

[Zm,ZN) = —Hunp X" +wipnZp |

Zan, XP] = —oli v XN + QY ZR (3.22)

(XM XN = QUNxP _ RMNP gz,

The Jacobi identities of the algebra give constraints on the fluxes.!

n contrast to the algebras considered in [E], here there are always six Zas and six XM generators, as
required to account for all fluxes.
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The proposed algebra actually applies to any of the IIA or IIB orientifolds, provided
that all fluxes allowed by the orientifold action are kept in each case. In fact, using (B.1)
and

T

Iy 5 XM (3.23)

we see that the algebra is invariant under Tps-duality. Written in terms of the various
tensors, the Jacobi identities take a different form in each case. However, in terms of the
individual flux parameters that appear in the T-dual superpotential there is just one set
of constraints valid on all orientifolds.

It is convenient to work with the IIB with O3-planes in which only NS H and non-
geometric Q fluxes appear. The ZZZ Jacobi identity leads to

O Hyrmp = 0. (3.24)

Substituting the fluxes in tables f] and ] then yields

Bohj + aibi; + a;bj; — akl;kj =0, (3.25)
hoﬁj + ail_)ij + ajl_)jj - C_Lkbkj =0, (326)
B(]bkj + (_ligjj + C_le_)ij - akﬁj =0, (327)
hOBkj +a;b;j; + ajbi; —agh; = 0. (3.28)
In all cases i # j # k. The X X X Jacobi identity simply gives
QMNP _ (3.29)
In terms of the explicit fluxes
—bjibjk + bihg + hibg, — bjibiy = 0, (3.30)
— biibjk + brihg + hibgk — bjiby, = 0, (3.31)
— bul_)zj + l_)jibjj + hZFL] — b]“l_)k] = 0, (332)
biibij — bjibjj + hihj — bribr; = 0 . (3.33)
In all cases i # j # k. There are no further constraints from other Jacobi identities.
With the isotropic fluxes given in (B.5) the constraints read
hoh+a(b+ ) —ab = 0, (3.34)
hoh +a(b+B3) —ab =0, (3.35)
hob+a(b+ B) —ah = 0, (3.36)
hob + a(b+ B) —ah = 0, (3.37)
h(b+B) —bb+8) =0, (3.38)
h(b+B3) —b(b+B) =0, (3.39)
hh —bb = 0 (3.40)
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Some classes of solutions are:

lLLh=h=b=8=b=3=0(Q=0); a,a, ho,ho # 0 (H #0) . (3.41)
2.a=a=hyg=ho=0 (H=0); hh=bb;  h(b+3)=bb+0). (3.42)
3.a=a=h=h=b=b=0; ho, ho, 3,3 #0 . (3.43)
4. B = —b; 3= —b; hh = bb; hoh = ab; hoh = ab . (3.44)

3.5 Some vacua with T-dual fluxes

In this section we work in the ITA /O6 setup for ease of comparison with results of [§]. Our
purpose is to see the effect of the new non-geometric fluxes in some simple examples. We
focus on no-scale type of superpotentials depending only on four moduli. In this case the
scalar potential is positive definite and is minimized with respect to all fields when the four
covariant derivatives of W vanish.

To be concrete we consider the moduli S, Uy, T5 and T5. Turning on all fluxes visible
to these fields gives the generic superpotential

W = eg +iesTs 4+ ie3Ts — g1 1515 + S[Zho — a9y —as1s + i(llTQTg]
- Uy [ihl 4+ bo1 15 + b3 T3 — iBnTQTg] . (3.45)

It is easily proven that the set of fluxes in W satisfies the Bianchi identities of the previous
section. Moreover, these fluxes do not contribute to tadpoles.

When one of the non-geometric flux parameters is zero we can map W to one of the
cases studied in [f]. For instance, when a; = 0, redefining U; — T}, and relabelling fluxes
appropriately, brings us to the NS-3 example of [J]. If a2 = a3 = 0, we can compare with
the simpler NS-1 model. In this case we conclude that there are minima only if hg # 0,
bi1 # 0 and furthermore

hibiy = b31bo ; eabi1 = —q1bas ; esbi1 = —q1b31 . (3.46)

We also find that axions are fixed but the real parts of moduli remain undetermined except
for a relation hoRe S = bjiRe UjRe ThRe T3. The situation with b1; = 0 also corresponds
to the NS-3 example [§]. It is only when a; # 0 and b1; # 0, so that both cubic terms are
present in W, that we can have a different kind of no-scale model.

We have analyzed the case with both non-geometric fluxes turned on to some extent.
To simplify we choose a; = a, b;; = b and e; = e, which allows vacua with T, = T3 = T.
Some generic results can be extracted. For instance,

almS+bImU = —q,
(a+aIlmT)ReS = (b+bImT)ReU, (3.47)

where we have dropped subindices. There are more equations to be solved. In general
only the ratio of Re S and ReU is fixed. When ab # ba, the fluxes generically determine
all axions as well as ReT. When ab = ba, and ea = —qa by consistency, there are
two types of solutions. In one type, with hq # —eb, all axions are determined, in fact
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ImT = —a/a, and (ReT)* is completely fixed in terms of fluxes alone. In the other type,
with fluxes further satisfying he = —egb and hob = —ha, all axions are undetermined
and (ReT)? can only be given in terms of Im7. For instance by choosing the fluxes
a=a=b=b=hyg=¢ey=e=—q=2and h =0 we find the solution

ImS=-ImT=1; ImU=0; ReT=27; ReU=+v2ReS.  (3.48)

Taking larger fluxes it should be possible to obtain larger ReT'.

To summarize, adding non-geometric backgrounds leads to new no-scale vacua, in-
equivalent to those with only RR, NS and metric fluxes. However, the examples that
we have examined have qualitative properties analogous to the vacua analyzed in [§]. In
section | we will briefly consider Minkowski vacua in presence of non-geometric fluxes.

4. IIB S-duality and fluxes

We know that type IIB string theory is S-duality invariant. Upon the orientifold compact-
ification here considered we still expect the theory to reflect this underlying invariance. In
fact, in the absence of non-geometric fluxes, when only H3 and F3 are present, the theory
is explicitly S-duality invariant because these fluxes transform appropriately. On the other
hand, once we have added non-geometric fluxes Q the theory does not respect S-duality.
We will see in this section that S-duality invariance requires the presence of extra flux
degrees of freedom P.
We want to implement invariance under the SL(2,Z) S-duality transformations

kS —il
imS+n’

—

kn—4fm =1, k,f,m,n€Z. (4.1)

The factors of i are needed since in our conventions Re S = 1/gs. The Kéhler potential,
K = —log(S+ S*)+ - -, transforms as

K — K +log |[imS + n|? . (4.2)

Thus, the Kihler function, G = K + log |[W)|?, is invariant provided the superpotential
verifies

w
_ .
mS +n
With only NS and RR fluxes turned on this follows simply because under S-duality the NS

and RR 3-forms transform as
<f3>_><k£><f3> . (4.4)
Hs mn Hs

In particular, when S — 1/S, F3 — —Hsz and Hs — Fs.

The question is now how to maintain S-duality after including the non-geometric fluxes

(4.3)

Q. To obtain a full S-dual superpotential we simply propose to add a new set of fluxes,
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denoted P, with the same tensor structure and number of components as Q. Concretely,
we conjecture that the superpotential is given by

w= | (Fs — iSH3) + (Q — iSP)T) A Q . (4.5)

The action will be invariant as long as @ and P fluxes transform as

(7%%(:12)(7%) (16)

In particular, when S — 1/S, one has @ — —P and P — Q.
The new objects 731];/[ N are some sort of RR non-geometric fluxes. For the components
we use the notation

P23 —h P p pa 911 912 913
Pl =1 -f | PPE-P3t P | = | 921 922 923 | » (4.7)
P2 —f3 Py psl_pi2 931 932 933

together with

P76 —fj1 Pt PSPl g11 g12 g13
P =1 - JiQ ; P—PE P2 | = | Go1 Go2 o3 | - (4.8)
Py° —f3 P P3t—Pge g31 G32 933

The superpotential generated by the P fluxes alone is

3 3 3 3
Wp = =83 fiTi+iS > UigyiTi + SUUs Y guiTy + SUWUs > _ goiT
i=1 i,j=1 i=1 i=1

3 3
+SU1UQZg3iTi —Z‘SUlUQUngTZ‘j—‘Z‘ . (4.9)
i=1 i=1
We thus see that we get new superpotential couplings which are linear in S and T; and
up to cubic order in the U;. The P fluxes will also give rise to modifications to tadpole
conditions and to Jacobi constraints involving these new fluxes. We now discuss these
issues in turn.

4.1 S-dual tadpoles

The C4 tadpole term (2.34)) is S-duality invariant because Cj is invariant whereas F3 and
Hs transform as in (fE4). On the contrary, the Cs tadpole (B-7) is not S-duality invariant,
as one can easily check. In fact this is expected from the known fact [2§-B0] that the Cg
RR-form is one component in a SL(2,7Z) triplet of 8-forms, (Cs, 68, C{). Under S — 1/S
they transform as

Cy — —Cs,
Oy — —Cj, (4.10)
Ch — —C .
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There is a constraint among the field strengths of these 8-forms so that there are only
two propagating degrees of freedom. These three forms may be sourced by three types of
7-branes, D7-branes, NS7-branes and certain other 7-branes called 17 in [B1]. They have
the same supersymmetry projector [Bl] so that in principle they have common supersym-
metries. In our factorized torus each of them will come in three varieties, D7;, NS7; and
17;, with i = 1,2, 3, labelling one of the three tori transverse to the brane. Starting from
eq. (B7) and imposing SL(2,Z)g invariance of the action one arrives at

/ —Cy N QF3 + Cs ANPHs + Cy A (QH3 + PF3) . (4.11)
]M4><T6

Just like QF3, here PHs, OHs and PF3 are 2-forms computed as in (B.J). For example,
(QH)Lm = QQ BHnaB.

The first two terms in eq. (.11) give rise to tadpoles of D7;-branes and their S-dual
NS7;-branes. Looking at components we obtain the cancellation conditions

1 _ _
_ND7i + 5 mh; — egh; — Z(qj‘bji + ejbji)] =0, (4.12)
J
1 - _ _
= Nxsz; + 5 [hofi = hofi = Z(ajgji - ajgji)] =0. (4.13)
J

Concerning the third term, one observes that the flux combinations coupling to C§ do not
have RR character. In fact they are rather related to NS Bianchi identities. In particular,
in section B.4 we found that Q BH ~nB = 0. It is easy to show that for our class of fluxes

this then implies QHs = 0. We discuss further this issue in the next section.

4.2 S-dual Bianchi constraints

In section B.4 we discussed the Bianchi identities leading to constraints on the H3 and Q
fluxes. By S-duality we expect constraints on the RR fluxes F3 and the new fluxes P. To
begin we consider the identity (B.29). To achieve closure under SL(2,7Z)s we find that the
condition Q[P{MN QQP = 0, schematically Q-Q = 0, remains valid and that there are actually
two new constraints. The point is that Q-Q is a component in a triplet of SL(2,Z)g. Acting
with S — 1/ we find that another component is PP, with corresponding Bianchi identity
given by

pRINPLIP _ ¢ (4.14)
Finally, applying a translation S — (S + i) shows that the third triplet component is
(Q-P+P-Q). Thus, there is also a constraint

QP +7>P QR =0. (4.15)

Notice that the left hand side has net RR charge so that it is potentially related to tadpoles.
However, given the tensor structure, it is not clear how it could couple to the known RR

forms. In absence of sources we are led to enforce the equality to zero.
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In components, eq. ([.14) breaks into (i # j # k)

—9ii9ik + Grifr + fiGrk — 95i9ik = 0, (4.16)

— GiiGik + Grifr + figek — Gjigie = 0, (4.17)

— GiiGij + Gjig5; + [ifi — 9kiGr; = 0, (4.18)

Gii9ij — 951955 + fifi — grigr; = 0 . (4.19)

These are completely analogous to the conditions following from QEyN Qgp =0, given in

egs. (B-30)-(B-33). In the particular case in which one imposes a symmetry under exchange
of the three sub-tori one has

fi=f;  fi=7F; (4.20)
gij =9 (i #J); Gii = 9ij =9 (i #7); Gii =7 -

We have further assumed g;; = g;; and g;; = g;;. In this case we find the simplified set of

conditions
f@+7%) —g(g+v) =0, (4.21)
flg+7) —a(@+7) =0, (4.22)
ff—93=0. (4.23)

A simple solution is f = f = g =g =0, but v, # 0. Another solution is vy = —g, ¥ = —g
and f = gg/f.
Concerning eq. (J1.15), it gives rise to the four additional constraints (i # j # k)

bikgrj — hifj — bjkgjj + birdij + gekbrj — fhj — Gikbj; + gixbij = 0, (4.24)

bkkGij — hiGjj — bjkfi + bikgrj + gerbi; — fubjj — Gikhj + girbk; = 0, (4.25)

bikGij — higij — bixfj + bikgr; + Gerbi; — fxbij — gikhj + Gikbr; = 0, (4.26)

bikgrki — hicf; — bjkGjj + bingij + Gerbr; — fehy — gjxbjj + Gibij = 0 . (4.27)

For isotropic fluxes (B.H) and ({.20) they reduce to

bg+gb—hf — fh =0, (4.28)

g(b+B) —h(G+7) = f(b+ ) +blg+~) =0, (4.29)

g +B) —h(g+7) = fb+B) +b(g+7) =0. (4.30)

The simple solution f = f = g = g = 0 also works, supplemented with by = h% and
Bg = fw.

Let us now discuss the modifications to the identity eq. (B.24). In this case we can
construct the fully SL(2,Z)s invariant condition

O Hyunip — P Frump =0 - (4.31)

,20,



Substituting the flux components leads to (i # j # k)
Boh]’ + a;b;j + a;bj; — akl_)kj +mf; — a9 — 4;9j5 — exgrj = 0,
hohj + a;ibij + a;bj; — arbe; — eofj — €igij — €jgj; — akgrj = 0,
hobrj + aibj; + a;bij — arhy + mgr; — @:gj; — 4;9i5 — exf; = 0,
hobkj + aibjj + ajbi; — aghj — eogrj — €igjj — €jgij — arfj = 0 -

With the simple isotropic fluxes these constraints read

hoh +a(b+ 3) —ab+mf —q(g+~) —eg = 0, (4.36)
hoh + a(b+ B3) —ab—eof —e(g+7) —qg =0, (4.37)
hob+a(b+ ) —ah+mg—q(G+7) —ef =0, (4.38)
hob+a(b+ ) —ah —eqg —e(g+v) —qf =0 (4.39)

We will discuss some solutions in section f.

The combination (Q - Hsz — P - F3) appearing in the identity ([.31) is an SL(2,Z)g
singlet. Now, with the doublets (Q,P) and (F3,H3) we can also form a triplet which is
rather related to tadpoles of RR 8-forms as we saw in the previous section. In particular,
concerning the C§ flux tadpole in eq. (f.11), we see that in general it does not cancel
because neither Q - Hs nor P - F3 has to vanish separately. In fact, starting with the
tadpole term of C§ we obtain the cancellation condition

Nz, + = |eofi = mfi + > (495 + €;gji) | =0, (4.40)

J

1
2

where we have taken into account the constraints following from ([.31)).

Unlike the situation with only NS, RR and geometric fluxes, we do not have at the
moment a prescription, e.g. by doing generalized dimensional reduction of a 10-dimensional
theory, to obtain the S-dual equivalent of the Bianchi identities. We have thus used as
a guide the duality transformations. It would nevertheless be very interesting to have
methods different from duality arguments in order to obtain the complete set of constraints.

5. N'=1 Minkowski minima with moduli fixed

In this section we intend to start analyzing the landscape of vacua of the moduli potential
when S-dual fluxes are turned on. The essential new feature in the superpotential will
be the presence of terms (in type IIB langauge) of the form ST;P(U;), with P(U;) a
cubic polynomial with integer flux coefficients. The complete superpotential is the sum
of egs. (B4) and (f.9). To study generic supersymmetric and non-supersymmetric vacua
of the ensuing moduli potential is beyond the scope of this work. As a first step towards
exploring the effect of S-dual fluxes we will only look here for supersymmetric Minkowski
solutions in which the potential attains a minimum when the superpotential and its partial
derivatives vanish.
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We will work in IIB/O3 and restrict to the case with T; = T', U; = U and fluxes given

by (B.5) and (f.20). The superpotential then simplifies to

W = e + 3ieU — 3qU? + imU?
+S[ihg — 3aU + 3iaU? — hoU?]
+3T[ —ih — (2b+ B)U +i(2b + B)U? + hU?]
+3ST[ — f+i(29 + U + (25 +3)U* —ifU?] .

In this isotropic case the tadpole cancellation conditions become
1 _
Nps + §[mh0 — eghg + 3qa + 36@] = 16,
1 _ _
— Np7 + §[mh —eoh —q(2b+ ) —e(2b+ )] = 0,
1., - - _ L
— Nxst + 5lhof —hof —a(2g +7) +a(25+7)] = 0.

Nir + gleof —mf +a(2g +7) +e(29 +7)] = 0.

The fluxes must further satisfy the constraints derived in sections B.4 and 3.

It is helpful to make a change of variables
U=—ip; S =—io; T=—ir.
The superpotential (F.1)) then becomes
W=F+ocFEy+71FE;+07E, ,
where the E; are cubic polynomials in p given by
Ey = ey +3ep+ 3qp* — mp?,
Ey = hg + 3ap — 3ap® — hop?,
B3 =3[ —h+(2b+ B)p — (2b+ B)p* + hp?],
Ey = 3[f = (29 +7)p+ (29 +7)p* - [r°] .

The advantage is that now all coefficients are real, in fact integers.
The problem is to find solutions of

ow _ow oW

dp  Oo  Or

(5.1)

(5.6)

To begin, let us review the known situation in which there are neither Q nor P fluxes [B9.
In this case F3 = E4 = 0 and W does not depend on 7. From dW/0o = 0 and W = 0
we find By = E3 = 0. The remaining equation OW/dp = 0 gives 0 = —E]/E}, (where
prime denotes derivative with respect to p). The task is to determine whether F; = 0 and

E5 = 0 have a common root p = pg with pg necessarily complex (so that ReU # 0 at the

minimum). Now, pj must also be a root because the E; have real coefficients. Thus, the

E; must factorize as [BY

Ei = (p—po)(p— po)(pip + vi)
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with p; and v; some coefficients that depend on the fluxes. In [BY it is shown that there
are fluxes that allow such a factorization and moreover lead to ReS > 0. These fluxes
contribute to the Cy tadpole as D3-branes.

In a similar spirit we can consider the case Hz = 0 and P = 0 in which Fy = E4 =0
and W does not depend on 0. Now E; and E3 must factorize as in (p.7). For F; this poses
no problem because the fluxes eg, ¢,q and m are unconstrained when P = 0. However, for
the coefficients of E5 we have the Bianchi conditions (B.4). These can be satisfied taking
for example h = 0, b = 0 and 3 = —b. To simplify we also take 3 = 0. Then, pg = i\/b/h
which requires hb > 0. Imposing that E; has the same root gives the conditions eqh = 3¢b
and meg = —9eq which can be satisfied with m = e = 0. It is also instructive to compute
T = —E{/ES. We find 7 = gpo/b. Then ReT > 0 requires ¢gb > 0 and this implies that the
Cs tadpole is negative (same sign as for a D7-brane).

To continue the systematic analysis we can set only the P-fluxes to zero so that £, = 0.
Now minimization with W = 0 requires £, = E5 = E3 = 0. Moreover, the coefficients of
FE5 and E3 must verify Bianchi constraints. Fulfilling the constraints by using the solu-
tion (B.43) leads to E5 without complex roots. Taking instead the constraint solution (B.44)
we find that F3 could have a complex root only if hga > 0, but it cannot be a simultane-
ous root of Fs. The interesting conclusion is that to fix all moduli in a supersymmetric
Minkowski minimum, within our class of solutions of Bianchi constraints, we have to go
beyond metric and non-geometric fluxes.

We now come to the generic situation with all fluxes turned on. From oW/do = 0

and OW/0t = 0 we find
o=——". (5.8)

Substituting in W = 0 and 0WW/9p = 0 then gives
E = E1E4 - E2E3 - 0; E, =0. (59)

Thus, this ¥ must have a double root pg, necessarily complex. We also know that E has
real coefficients and is generically of order six in p. Hence, it can be written as

E =3(p—po)*(p— po)*(ap” +dp+e), (5.10)

where «, d, € and pg depend on the fluxes.
To proceed further we will implement specific solutions for the Bianchi identities de-
rived in section [.d We consider different cases according to how we solve the constraints
on P and Q fluxes alone. These cases are shown in table [, where we have also displayed
the solution to the constraint involving the F5 and Hs fluxes.
Within our class of solutions the polynomials E3 and E4 always take a simpler form.
For example, in case 1 they are given by
_3 _ 3w
" h T h

In each case we compute F and check if it can be factorized in the form (p.10). When

Es=>(bp*+h)bp—h);  E4 (bp—h) . (5.11)

this is possible we can determine pg. Moreover, typically there will be relations among the
fluxes. We have limited ourselves to finding some solutions. Details are presented below.
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Case P-P=0 Q.-0= Q- P+P-Q=0|Q -H3—P -F3=0
N e e S
hh = bb hoh = qv + ab
2 7:__97'7:_§ hehe=b=Db=0 fﬁzgﬁ mg:e_f—dﬂ_
I =99 q9 = aff —eof

Table 4: Solutions to Bianchi identities

Case 1. We find a class of minima with fluxes satisfying the relations
q=0; eoy = 4ah; mhohy = (ey + 4ha)(ey + ha) . (5.12)

Besides, ¢ = 0 implies hhg = ab, with b given in table [|. As free parameters we can then
take a, a, b, hg, h, v and e. They must be such that the remaining dependent fluxes come
out integers as well. Furthermore, there are sign relations required for consistency. For
example, we find

hoh
. 2 0
= N = — . 5.13
po = ilpol; ol ey + ha ( )
This needs hoh(ey + ha) < 0, then U = \/—hoh/(ey + ha).
The remaining moduli turn out to be
2
s 2
YU
2ah — ev) — 2i a
T hlho(2ah e’y)i zaU(g’y—i—ah)] . (5.14)
3yU(ey + ah)(h — ibU)
To guarantee Re S > 0 and ReT" > 0 we need
hy > 0; (2ab — 2ah +evy) >0 . (5.15)
For example, choosing
a=-8; b=—-4; h=-4; ~v=—-4; a=12; hyp=8; e=-16, (5.16)

we find that all dependent fluxes are also even integers. The moduli are determined to be
U=58=2; T:%(14\/§+ 164) . (5.17)

It is also interesting to compute the tadpoles. In particular we find
Np3 —288=16; —Npy+80=0; —Nng7+40=0; Ny +32=0. (5.18)

We observe the peculiar result that fluxes contribute to the Cy tadpole as O3-planes instead
of D3-branes. However, this is not generic. In other examples the Cy flux tadpole comes
out positive. The 8-form tadpoles can have either sign, or even cancel, depending on the
parameters.
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Within the above class of vacua we can set e = 0, implying hob = ah. The 17 tadpole
cancels since now ¢ = e = 0. On the other hand, from the condition Re S > 0 we conclude
that in this case fluxes always contribute to the Cy tadpole as D3-branes. Using also the
condition for ReT" > 0 shows that the flux piece in the Cg tadpole is positive (opposite
sign as D7-branes). The flux piece in the NS7 (58) tadpole is also positive. In fact, the
flux tadpoles of Cg and 58 are both positive and proportional to ReT. To give a numerical
example, we can take a = —hg =2, U =1, and

It is easy to verify that the dependent fluxes are all even integers.

If we relax the condition by = h%y we can find vacua with all 7-brane tadpoles zero but
ReT # 0. To cancel these tadpoles from the beginning we impose e = ¢ = 0, together with
mh = eph and a5y = avy. We then find a solution provided that we also fulfill the relations

ha 9

a(ah — bhg)?
b—_>0; a® = —hga; mfy:—u
a

(5.20)
hh2

As independent fluxes we can now choose a, b, a, h and . For the moduli we obtain

ha
U= 75
g ib(a +2wU) , (5.21)
va
(a —ial)?
 3yaU

To have Re S > 0 it suffices to impose hy > 0. The flux contribution to the D3 tadpole is
then positive. We can also arrange to have all fluxes to be integers while Re T is positive
and large. However, the flux D3 tadpole will also be large.

Case 2. There is a type of solutions with free parameters 3, 3, eg, e, f, g and a, with
remaining fluxes determined by

a=0; hof3 = 4deg ; hof3 = w . (5.22)

9

Notice that then m = ef/g and q is given in table . There is a sign condition gf < 0,

then U = \/—g/f. We further obtain
5
2fU°
U [2efU +i(2e0 f — 3ap)]
3¢ (BU + 1)
It is easy to check that Re S > 0 and ReT > 0 are positive as long as

S =

T

gB<0; <Qeg + 3ap8 — QQOTM> >0. (5.23)
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For an illustrative example, consider the parameters

f=2; p=8; [=8; g=-2; a=28; e =16; e=96. (5.24)
The moduli are then fixed as
U=1;, S=2 T:%(7+31i). (5.25)
For the flux-induced tadpoles we obtain
Nps3 + 32 = 16; N7 +112=0. (5.26)

The flux contribution to Cg and 58 tadpoles is zero.

The I7 tadpoles cancel when a = 0. Then it is simpler to show that the free parameters
can be chosen so that all other fluxes are integers while Re S and Re T are large and positive.
The sign relations among the parameters imply that the Cy, Cg and 5’8 flux tadpoles are
positive. The latter two are proportional to ReT'.

Similar to case 1, if we relax the condition f3 = g3 we can find minima with all
7-brane tadpoles zero but ReT" # 0.

Other solutions of the Bianchi identities can be obtained by combining the building
blocks of table |. For example, P-P = 0 can be fulfilled as in case 2, and Q-Q = 0 as in
case 1. Then the solution of Q-P + P-Q = 0 can be written as (bf — gh)(hf — gb) = 0.
Now, if hf = gb, F3 and E,; have a common quadratic factor and it can then be shown
that the polynomial E cannot be factorized as needed. When bf = gh, to avoid Re S =0
it must be that U is necessarily complex. In this more complicated case we have not been
able to find supersymmetric Minkowski minima.

In summary, some differences compared to the type IIB results in ref. [BY] without
non-geometric nor S-dual fluxes are evident. The situation now is rather more involved
but still we have found some concrete results. For simplicity we have analyzed the case
with isotropic fluxes and moduli T; = T, U; = U. We find Minkowski A/'=1 vacua in which
not only the dilaton and complex structure fields are fixed but also the Kéahler modulus
T is fixed. However, if we analyze the more general case with independent T;, U; fields,
generically only one linear combination of the Kéahler moduli T; is fixed. This is due to
the fact that the superpotential is only linear in the 7; and essentially only depends on a
linear combination of these moduli.

When S-dual backgrounds are switched on, the contribution from fluxes to the tadpole
of the RR C4 form can have either sign depending on the flux values. This is a surprising
result. We know that in absence of S-dual fluxes the C4 tadpole due to Hs and Fs
fluxes consistent with the imaginary self-dual condition needed for supersymmetry is always
positive [Bg, Bg]. Concerning the Cs tadpole, if only non-geometric fluxes are present, as
in a toy example with W depending only on U and T, the flux tadpole is negative (same
sign as D7-branes). However, in presence of S-dual backgrounds the flux contribution can
be positive (same sign as O7-planes), negative, or even vanish. An analogous result occurs
in AdS type ITA vacua with metric fluxes in [§]. The fact that fluxes may contribute to
tadpoles as orientifold planes may be useful for model-building as already emphasized in [§].
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The value of the real parts of the dilaton S and the size modulus T" may be made large
by appropriately choosing the fluxes. This is in general required to maintain perturbative
values for the couplings and the validity of the supergravity approximation. On the other
hand, in our supersymmetric Minkowski vacua Re .S and ReT' cannot be made arbitrarily
large because in general they are tied to RR tadpoles induced by the fluxes. This could be
avoided in AdS vacua, as occurs in the ITA /O6 models without [[] and with metric fluxes [g].
We have not found non-trivial supersymmetric Minkowski vacua with full cancellation
of RR tadpoles, although in some cases one can find flux combinations with vanishing
contribution to some tadpoles. Although we do not have explicit examples, we assume
that localized sources of different kinds may be added to the theory rendering it tadpole
free, as it happened in the simpler examples in ref [§]. In this connection, notice that if
we want to add D3 and/or D7-branes to vacua like these, the existence of undetermined
Kihler T; moduli may in fact be necessary, as emphasized elsewhere [§]. In particular, in
the worldvolume of generic branes (not on top of orientifold planes) live U(1) groups that
may have triangle anomalies in four dimensions. The U(1) gauge vectors become massive
through a generalized Green-Schwarz mechanism by swallowing some linear combination
of the T;. Thus, for this mechanism to work, some T; fields should be left unfixed by the
fluxes. This turns out to be related to the requirement of absence of Freed-Witten brane

worldvolume anomalies [J].

6. Generalized duality invariant superpotentials

In previous sections we have described fluxes present in different T-dual type II orientifolds.
The closed string sector of all these theories, before the addition of fluxes, gives rise at
low-energies to an effective N'=4 supergravity theory (or N=1 if we further perform a
Zo X Zs twist). We would like to compare now to the results obtained from other string
constructions having an analogous low-energy structure. Specifically, we would like to
compare to the flux-induced superpotential in analogous heterotic compactifications as
well as in certain compactifications of M-theory on simple twisted 7-tori [i{].

6.1 M-theory on a twisted 7-tori

We consider here the Go-holonomy manifolds X7 obtained as certain Zgy X Zo X Zo orbifolds
of the 7-torus, X7 = T7/Zg x Zo x Zy [H]]. We will follow the results and notation used in
ref. [I0]. One has seven complex moduli fields My(x), I = 1,...,7. They may be defined
in terms of the complexified Gao-form

Cs3+idPs = ZM](.%') (bl(y) (6.1)

where ¢! € H3(X7), C3 is the M-theory 3-form and ®3 = Re M;(z)¢!(y), with Re M;(x)
parameterizing the volume of the 7 invariant 3-cycles in X7 = T /Zy x Zo X Zy. We will
now consider the addition of metric fluxes in this toroidal model. This is a Scherk-Schwarz
reduction which proceeds in a way analogous to that described for type IIA orientifold
compactifications. In particular we replace the differentials dy”, P = 1,...,7, by twisted
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forms n satisfying
I p

dn® = —inNnM AN ,wﬁ/INw%P =0 (6.2)

where one also has wﬁN = 0 [, [J). Among these metric fluxes wﬁ[N, only twenty-
one are invariant under the twists. In addition we consider the presence of seven 4-form
backgrounds g7 yx corresponding to fluxes of the M-theory 3-form. The presence of these
two types of fluxes gives rise to a superpotential [@, @, @]

1 . 1 . 1

W= - (C + Z‘I)) AN lg—+ —d(C + Z‘I)) + - G~ (6.3)

4 Jx, 2 4 Jx,
Here G7 is the flux of the 3-form dual. Expanding this superpotential in terms of the seven
moduli in type ITA notation [i(] one obtains:

W7 = gsersoto11 + i(grso10T1 + gseo1072 + gs67813) + (6.4)
+i(g579115 — gss1011U1 — ge71011U2 — g68911U3)
+Hwgio i To + wig ToTs + wigTiTs) — S(WTh + wis T + w5 Th)
+(wgioT1 U1 + wiggToUz + wig TaUs) — (w21ThUsz + wigTiUs + wigs ToUn)
+H(wisToUs + wisT3U; + wir TsUs)
—S (w1 U1 + w1, Us + w1 Us) + wioy UrUs + w@ UaUs + wi; U Us

All terms in this superpotential, except for those in the last line, may be understood in
terms of ordinary RR and NS backgrounds in the type ITA orientifold supplemented by
metric fluxes. Indeed, all those terms correspond to the fluxes eqg, ¢;, hg, hi, ¢;, a;, and
b;j, described in section 2. The absence of a T1T5T3 term (type IIA mass parameter m) is
expected since in the M-theory scheme considered massive ITA supergravity does not arise.

The new terms appearing in the last line are interesting. The first three correspond to
the S-dual fluxes f; introduced before in order to maintain S-duality in the IIB orientifold
version of this model. Thus one has the interesting result that the f; fluxes introduced

before may be understood as certain ordinary metric fluxes
fi=wil K =5,7,9 (6.5)

in an M-theory version of the same model. Other S-dual fluxes do not appear. On the
other hand the last three terms, bilinear in the U; (7;) in the IIA (IIB) version, are new
and are absent even in the extended set of flux-induced superpotential terms discussed in
previous sections. This suggests that there is an even bigger set of flux degrees of freedom
to be considered. We will see now that the presence of new terms bilinear and cubic in
the U;’s are also expected if we consider fluxes in the heterotic version of the same class of
models.

6.2 Heterotic fluxes

The type ITA orientifold with O6-planes is T-dual to the type IIB orientifold with O9-planes,
i.e. type I string theory. On the other hand we know that type I is related by S-duality to the
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SO(32) heterotic string. Therefore, it is interesting to compare the induced superpotentials
in both theories. Flux-induced heterotic superpotentials have been analyzed in [i4-[7).
It has been argued that heterotic H-flux forces the internal manifold Xg to be non-Kéahler
with dJ # 0. Both effects produce a superpotential

Wet = / QA (Hes + dJ.) (6.6)
Xe

An example of non-Kéhler manifold is the twisted torus in which dJ. = wJ., where w are
the metric fluxes.

It is interesting to evaluate Wi in the case of compactification on a factorized T
with arbitrary metric fluxes on top. The H-flux is a generic 3-form, namely

3

Hpey = —egog +mfBy — Y _(q50i + €i3;) - (6.7)
i=1

Our choice of parameters is dictated by the fact that by S-duality Hye is equal to the
RR flux, given in table |l

= b

of IIB with O9-planes, alias type I. Moreover, the heterotic
metric fluxes are the same as those as in IIB/0O9 shown in table Q This means wpe; = w.
We also need to use that in the toroidal compactification the heterotic complex structure
moduli coincide with the geometric parameters, i.e. U; = 7;. The Kéhler moduli arise from
Je=1i) ; Tjwj. Putting all pieces together we find

3
Whet = m + 1 Z q;U; + e1UsUs 4+ esU 1 Us + esU1Us — iegU U Us (6.8)

i=1

3 3
+ ZTz —ih; + Zl_)szj + ib1;UaUs + ibo; U1 Us + ib3; U Uy — h;U1UaUs
=1 =1

Superpotentials of this kind have been recently considered in [[f§]. With isotropic choice of
fluxes Whet agrees with results of [f].

Comparing with (B.17) shows that Wy matches Wog except for the terms linear in
S that are due to non-geometric fluxes R in IIB/09. Additional S-dependent terms in
Wog will appear if S-dual fluxes are included (T-dual to the P). Thus, we conjecture that
analogous dilaton-dependent superpotential terms will emerge in the heterotic side from

new flux degrees of freedom Rye; and Piet.

6.3 Fluxes and SL(2,Z)7 duality invariance

We have just argued that dilaton-dependent terms in Wy would arise from heterotic
fluxes Rpet and Pei. Now, there are reasons to believe that this is not the whole story.
In particular, we know that 4-dimensional compactified heterotic strings are self-T-duality
invariant. As a consequence, the complete Kihler function, G = K + log |W|?, should be
invariant under the SL(2,Z)? heterotic T-duality symmetries [EJ). In order to be so, the
superpotential Wy should transform appropriately. It is easy to convince oneself that this
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Flux components
induced terms

Fs m i € 2

U3 U? U 1

Hs ho a a ho

SU3 SU? SU S

TU3 TU? TU T

P fi Gij Gij i
STU3 | STU? | STU | ST

7l o™ | 4 | o | e
T3U3 | T3U? | T3U | T3

| W | @ | 4 |
ST3U3 | ST3U? | ST3U | ST?

o | o, | o | K
T?U3 | T?U? | T?U | T?

P’ fi 9i; 9i; :
ST2U3 | ST?U? | ST?U | ST?

Table 5: IIB/03 fluxes and their induced terms

demands terms quadratic and cubic in the Kéhler moduli 7} in Wi,et.2 We already observed
in section [f.] that such new quadratic terms seem to be present. We now see that they are
also required to help in restoring heterotic self-T-duality.

To elaborate the point, it helps to look at table f|. The upper half shows the fluxes
that we have already encountered in IIB/O3, together with the characteristic term that
they induce. Wi contains the monomials due to fluxes of type F3 and Q in the table
(upon h; < h;, eg <> m, etc.). In order to realize heterotic self T-duality new fluxes of type
?g and Q' need to be added. Note that terms quadratic in 7T;’s, already manifest in the
M-theory analysis, come from the flux h}. Similarly, self-T-duality of S-dependent terms,
due to H3 and P in IIB/O3, requires new fluxes ﬁg and P’.

All these duality connections among fluxes in different dual incarnations of the same
theory suggest that the complete underlying theory is invariant under the SL(2,7)7 trans-
formations corresponding to the seven untwisted moduli in this model. The general flux
superpotential will then be a polynomial of degree up to seven on the moduli M; =
(S,T1,Ts,T5,U1,Us,Us) and at most linear on any of them. One can write this super-
potential in the form:

7
Wi = > DI M, ... M;
n=0

(6.9)

n

2Presence of such terms has also been recently pointed out in @]
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where the D™ are integer coefficients associated to generalized fluxes.? Under SL(2,7)x
the modulus Mx transforms as

(kixMX — Z'fox) .

Mx — (’L'meX—FTLX) ) anX—gme:1; kx,gx,mx, nx €7 . (610)

The toroidal Kéhler potential transforms like
K — K +log|imxMx + nx|* (6.11)

and the complete Kéhler function is invariant as long as the fluxes D(™ transform like

(n)
(Di?k...’ zijk... xijk... (x kx

The fluxes D™ may be viewed as symmetric tensors of n indices, with all diagonal com-
ponents vanishing, thus with binomial coefficient (;) independent components. Hence, the
total number of generalized fluxes is ZZL:O (7) = 27 = g(haaithu+l)  They provide the

n

128 components of a representation (2,2,2,2,2,2,2) under SL(2,Z)7. As explained in the
appendix, this in turn may be embedded into the spinorial 128 of SO(7,7;Z). One can
decompose the two Weyl spinors of fluxes accordingly to its SU(7) tensorial structure

64=1¢7a 21 ¢ 35
64 =1 o 7 @ 21 @ 35 (6.13)

The components of each representation are then given by

Rep. Flux Components
1 ()

7 e;  ho h;
21 % ai by fi R

35/ m (473 bij gij b;] i (=)
35 | ho hi gy b g e hy

21/ fi hpog; 4 o
7 fi m
1 /

Note that in the M-theory setting described above, only the representations 1, 7/ and 21
appear explicitly [E(].

In terms of component fluxes the full duality covariant superpotential may be written
as

3
1
Welux = €0 — © Z h;T; + 5 Z h;Tan + ieloTngTg (614)
1=1 l#m#n

3General superpotentials of this type were considered previously in [E] from the point of view of gauged
N'=4 supergravity.
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3 .
+ (iho =D fLi=5 > fTwla- hngTQTg)S
1=1

l#m#n
3 3 1
+>° ( —ai+iY giTj— 5 > GyTmTn + z‘a;TlTQTg)S
=1 j=1 l#m#n
3
+ ie; — Zb”T] Z b —e€; T1T2T3 U;
j= l;ém#n

+% Z <wr+zng + - Z G Tn Ty —a T1T2T3>5

T#S#t J= 1 l;ﬁm;ﬁn

— qr+szmT — = Z VT + id. Ti Ty T3 | UU;
l;ém;én

3
- _ 1 _ .
+ |- (ho +iy  fiT; - 5 > T Tn + Zh6T1T2T3>S
j=1 l#m#n
3
+im+ Y hyT; + > WTWT, - m' T Ts | U1 UxUs
7=1 l;ém#n

The complexity of this superpotential makes its analysis difficult, except in particular cases
like those we have discussed in previous sections. In any event it is clear that there are
many parameters which should allow for new possibilities in fixing moduli. It is important
to remark that these 128 flux degrees of freedom are not independent. We already saw
how Bianchi identities and RR tadpoles strongly restrict the possible fluxes in the simpler
case with 64 degrees of freedom. In the most general case analogous constraints should be
fulfilled. It would be interesting to have close expressions for these constraints in the more
general case.

Note that the above discussion does not imply that the effective action has full SL(2, Z)7
duality invariance. Indeed, generic fluxes break these symmetries. Rather, the above dis-
cussion shows how the presence of each particular flux explicitly breaks the duality symme-
tries. As we have seen, some of these flux degrees of freedom have a simple interpretation
as metric fluxes or explicit RR or NS backgrounds in some particular version (type ITA
or IIB orientifolds, heterotic, M-theory orbifold, ...) of compactified string theory. Some
other fluxes do not admit a simple geometric interpretation and yet others are implied by
type IIB S-duality and/or heterotic self-T-dualities. Yet all of the 128 fluxes may in general
be present in the complete underlying theory.

7. Final comments and conclussions

One of the main purposes of this work has been to study the duality properties of the flux
degrees of freedom in type II D=4 orientifolds, as well as in other related string vacua.
The addition of non-geometric fluxes restores T-duality between IIB and IIA theories but
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spoils type IIB S-duality. We have seen how including new S-dual degrees of freedom this
symmetry may be recovered. Once that is done, extra moduli dependent terms appear in
the effective superpotentials. Taking into account these new terms we were able to find
type IIB Minkowski N'=1 vacua in which not only dilaton and complex structure but also
some Kahler moduli are fixed. In these classes of vacua we find that fluxes may contribute
to RR tadpoles with the same or opposite sign to that of D3- and D7-branes, depending
on the flux choice. This fact was already found for type ITA AdS vacua in [§] and may be
relevant also for model-building. We leave a more systematic analysis and search for other
minima for future work.

The new and old fluxes are subject to a number of Bianchi and RR tadpole cancellation
conditions. We made use of S-duality SL(2,7Z) transformations to deduce the form of the
new conditions involving all these fluxes. It would be clearly interesting to derive those
conditions from other arguments independent from dualities. It would also be important to
understand the structure of branes which may be added in these generalized backgrounds
and possible constraints which they may suffer. It is known that fluxes may give rise to
anomalies in the world-volume of branes and similar effects are expected in the presence
of new generalized fluxes.

Dualities relating these theories to heterotic and M-theory compactifications suggest
the existence of yet further flux degrees of freedom, giving rise to yet more terms in the
effective superpotential. In our toroidal examples a fully SL(2,Z)7 covariant superpotential
implies the existence of 27 fluxes. The general superpotential contains all possible mono-
mials of the seven moduli which are at most linear in any of them, with integer coefficients
given by the 27 fluxes. Many points remain to be better understood. It would be important
to examine the origin and structure of the novel S-dual fluxes as well as ways to understand
the generalized constraints on fluxes. The same applies to the extra flux degrees of freedom
which might be required to get consistency with the full underlying duality symmetries.

Although we have concentrated on a particular class of toroidal orientifolds we believe
that many of the points discussed (like e.g. the explicit expressions of superpotentials in
terms of integrals of fluxes over the compact space) should have a more general validity.
What we find seems to indicate the existence of a large number of flux degrees of freedom
(2(1+h21+h11) in our examples) giving rise to a very rich superpotential in which most or
perhaps all moduli might be fixed.
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A. Spinorial embedding of background fluxes

We have seen in section f| how the generalized duality invariant superpotential presents a

SL(2,Z)" symmetry. In this appendix we describe in detail how the fluxes are arranged

into this structure and their embedding into the spinorial representation of SO(7,7;7Z).
Each of the seven SL(2,7Z)x factors consists of two generators

11 0 -1
Sx1 (O 1) ; Sx 2 <1 0 ) (A.1)

acting on the modulus Mx. From equation (.10) one can see that Sx corresponds to
shifts on the corresponding axion and Sx 2 to M-duality Mx — 1/Mx.

The set of fluxes, denoted G, contains 128 weights of the form (+, 4, +,+, +,+, +),
where £ stands for i%. The transformation Mx — 1/Mx is simply given by

Sxz2(ni,...,nx,...,ny) =Sign(nx)(n1,...,—nx,...,n7) . (A.2)

Thus, eq. (6.14) transforms in such a way that the full supergravity scalar potential is
invariant under the Sx o generators. The resulting map between weights and flux com-
ponents is presented in table [f. We see, for instance, that F3 fluxes (table [ll) correspond
to (4, +,+, +, &, £, +) while H3 fluxes (table ) are represented by (—,+,+,+,+,+, +)
spinorial weights.

From table ff we can easily read the action of the duality group in the different fluxes.
Notice also that the duality transformations can be easily obtained by expressing the
SL(2,Z) generators in terms of lowering and raising operators. Namely, Sx 2 = Sx 4+ —Sx,—
and Sx1 = Z 4+ Sx,—. Thus, for instance, 51,2?'3 = —Hj3, corresponds to the S-duality
transformation ([£.4)).

It is interesting to note how half of the degrees of freedom of each of the two Weyl
spinors on which G = 64 & 64’ can be decomposed correspond to RR fluxes, whereas the
other half are generalized NS fluxes. Of these, half are heterotic and half are ordinary
fluxes, thus giving a very symmetric structure.

One can proceed analogously with the set of moduli T. In this case they transform as
a vectorial 7 of SL(2,Z)7, as shown in table []. Let us define

€T = 14+ T—-TRT+--- . (A.3)
In this language, the superpotential (p.14) then takes the very compact form
W =G&e (4 1 tt44) (A.4)

which is reminiscent of the typical expressions for flux induced superpotentials.
Moreover, the Bianchi identities now correspond to constraints in the components of

the bispinor of fluxes
G®G = G-G ® GI''\G @ ... ¢ Grilbhlhlig (A.5)

where T/t-In = Tl1. .7l and TV are the complexified gamma matrices of the relevant

Clifford algebra, and I, = 1,1,...,7,7.
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Flux parameter ‘ Weight H Flux parameter ‘ Weight
BIO (_7_7_7_7_7_7_) €0 (+7+7+7+7+7+7+)
hO (_7+7+7+7+7+7+) ml (+7_7_7_7_7_7_)
7 7
—— = ——
_hi (+7_7+7+7+7+7+) _fz/ (_7+7_7_7_7_7_)
J J
—t ——
ej (+7+7+7+7_7+7+) aj (_7_7_7_7+7_7_)
7 7
_ —_——
h; (+a+,_a—a—,_a—) fl (_a—,+a+7+’+7+)
J J
, ——
qj (+a—’_a—’+a—,_) aj (_a+’+a+,_a+,+)
i J i J
_ —— —N——
g]z (_7+7_7_7 7_7_) b]l (+7_7+7+7_7+7+)
J J
CL; (_a—,_a—’_a+,+) q; (+a+’+a+’+a—,_)
7 J i J
—— = —N—
—9ji (_7_7+7+7_7+7+) _b]z (+7+7_7_7+7_7_)
J J
_ —_— ) —_—
—aj (_a+,+a+,+a—,_) —6]» (+a—’_a—’_a+,+)
i J i J
_le (+7_7+7+7+7_7_) _gél ( 7+7 y Ty 7+7+)
—m (+7+7+7+7_7_7_) _h/O (_7_ _7_7+7+7+)
i J i J
’ —— _ —N—
b]@ (+7+7_.7_7_7+7+) gjl (_7_7—i._7+7+7_7_)
(2 (2
_ —_—
le ( 7+7_7_7+7+7+) h’i (+7_7+7+7_7_7_)
_66 (+a—,_a—,+a+,+) —hO (_a+,+a+,_a—7_)
7 7
= —— ——
_fl (_7_7+7+7_7_7_) _h; (+7+7_7_7+7+7+)

Table 6: Spinorial embedding of the background fluxes. The weights in each column correspond

to one of the two Weyl spinors on which the set of fluxes G can be decomposed.

Moduli | Weight |
S | (1,0,0,0,0,0,0)
/-/Z\
1; (0,1,0,0,0,0,0)
1
—~ =
Ui | (0,0,0,0,1,0,0)

Table 7: Embedding of the moduli in a 7 of SL(2,Z)".
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